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Abstract 

In this paper we consider how to use the convolution method to construct ap¬ 
proximations, which consist of fuzzy numbers sequences with good properties, for 
a general fuzzy number. It shows that this convolution method can generate dif¬ 
ferentiable approximations in finite steps for fuzzy numbers which have finite non- 
differentiable points. In the previous work, this convolution method only can be used 
to construct differentiable approximations for continuous fuzzy numbers whose pos¬ 
sible non-differentiable points are the two endpoints of 1-cut. The constructing of 
smoothers is a key step in the construction process of approximations. It further 
points out that, if appropriately choose the smoothers, then one can use the con¬ 
volution method to provide approximations which are differentiable, Lipschitz and 
preserve the core at the same time. 

Key words: Fuzzy numbers; Approximation; Convolution; Differentiable; 
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1 Instructions 


The approximations of fuzzy numbers attract many people’s attention. Mostly, 
the researches can be grouped into two classes. One class is to use a given shape 
fuzzy number to approximate the original fuzzy number. There exist many im¬ 
portant works which include but not limited to the following. Chanas [5] and 
Grzegorzewski [14] independently presented the interval approximations. Ma 
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et al. [20] presented the symmetric triangular approximations. Abbasbandy 
and Asady [1] presented the trapezoidal approximations. Grzegorzewski and 
Mrowka [15,16] presented the trapezoidal approximations preserving the ex¬ 
pected interval. Zeng and Li [29] presented the weighted triangular approxi¬ 
mations. Nasibov and Peker [21] presented the semi-trapezoidal approxima¬ 
tions which is improved by Ban [2,3]. Yeh [25] presented the weighted semi- 
trapezoidal approximations. Yeh and Chu [26] presented a unihed method to 
solve the LR-type approximation problems without constraints according to 
the weighted L 2 -nietric. Coroianu [10] discussed how to find the best Lipschitz 
constant of the trapezoidal approximation operator preserving the value and 
ambiguity. Ban and Coroianu [4] proposed simpler methods to compute the 
parametric approximation of a fuzzy number preserving some important char¬ 
acteristics. The works of this class of fuzzy numbers approximation provide 
various methods to approximate an arbitrary fuzzy number according to some 
metrics by a special type of fuzzy number which is much more convenient to 
be calculated. At the same time, since it finds the fuzzy number which has 
the minimal distance to the original fuzzy number among all the given type 
fuzzy numbers, it minimizes the loss of the information to a certain extent. 

But there exist many situations in which the smaller the distance between ap¬ 
proximated fuzzy number and original fuzzy number becomes, the better the 
effect appears. So it is also important to consider the problem whether one can 
approximate a fuzzy number arbitrary well by fuzzy numbers with some good 
properties such as continuous, differentiable, etc. This is the topic of another 
class of researches for fuzzy number approximation which discuss how to con¬ 
struct a fuzzy numbers sequence with some properties to approximate a gen¬ 
eral fuzzy number. There also exist many important contributions including 
the following works. Colling and Kloeden [7] used the continuous fuzzy num¬ 
bers sequence to approximate an arbitrary fuzzy number. Coroianu et al. [8,9] 
constructed approximations which is made up of fuzzy numbers sequence by 
using the F-transform and the max-product Bernstein operators, respectively. 
Roman-Flores et al. [22] pointed out a fact that the Lipschitzian fuzzy num¬ 
bers sequences can approximate any fuzzy numbers. To demonstrate this fact, 
they presented a method based on the convolution of two fuzzy numbers to 
construct approximations for fuzzy numbers. For writing convenience, we call 
this method convolution method in the sequel. This convolution method traces 
back to the work of Seeger and Voile [23]. 

Differentiable fuzzy numbers play an important role in the implementation 
of fuzzy intelligent systems and their applications (see [6,17]). For instance, 
to use the well-known gradient descent algorithm, it needs the fuzzy num¬ 
bers be differentiable. So it is an important and vital question that whether 
one can use the differentiable fuzzy numbers sequence to approximate a gen¬ 
eral fuzzy number. Chalco-Cano et al. [27, 28] used the convolution method 
to construct differentiable fuzzy numbers sequences to approximate a type of 
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non-differentiable fuzzy numbers under supremum metric. Since the conver¬ 
gence induced by supremum metric is stronger than the convergences induced 
by Lp-metric, sendograph metric, endograph metric, and level-convergence 
(see [11,18,19,24]), it follows that the constructed approximation is also an 
approximation for the original fuzzy number under the above mentioned con¬ 
vergences. This method is easy to be implemented since its operation is on 
level-cut-sets of the fuzzy numbers. In the sequel, a differentiable fuzzy num¬ 
ber is also called a smooth fuzzy number, a non-differentiable fuzzy number 
is called a non-smooth fuzzy number, and an approximation which consists of 
differentiable fuzzy numbers sequence is called a smooth approximation. 

To construct smooth approximations for a type of non-smooth fuzzy numbers, 
Chalco-Cano et ah [27, 28] showed an interesting fact that the convolution 
transform can be used to smooth this type of fuzzy numbers, i.e. it can trans¬ 
fer a non-smooth fuzzy number in this type to a smooth fuzzy number. In 
fact, they constructed a class of ‘smoothers’ which are fuzzy numbers satis¬ 
fying some conditions. Given a non-smooth fuzzy number of this type, it can 
obtain a smooth fuzzy number via convolution of the original fuzzy number 
and the smoother. The construction of smoothers is an important step in the 
construction of approximations. The distance between the smooth fuzzy num¬ 
ber and the original fuzzy number can be controlled by the smoother. Thus, by 
appropriately choosing the smoother, it can get a smooth fuzzy number such 
that the distance between which and the original fuzzy number is less than 
an arbitrarily small positive number given in advance. So it can produce a 
sequence of smooth fuzzy numbers which constitute a smooth approximation 
of the original fuzzy numbers. 

However, in the previous work, only a given type of fuzzy numbers can be 
smoothed by the convolution method. Hence only this type of fuzzy numbers 
can be smoothly approximated by using the convolution method. This type of 
fuzzy numbers have at most two possible non-differentiable points which are 
the endpoints of 1-cut. Whereas, an arbitrary fuzzy number may have other 
non-differentiable points, or even non-continuous points. So it is natural to 
consider the question whether one can use the convolution method to smooth 
a general fuzzy number and then the question whether one can give a smooth 
approximation to the original fuzzy number. 

In this paper, we want to answer these questions. For this purpose, we hrst dis¬ 
cuss the properties of fuzzy numbers and convolution of fuzzy numbers. Based 
on these discussions, we give partial positive answers to above questions. The 
key is how to construct smoothers for a general fuzzy number so that it can be 
smoothed. We do this step by step. It hrst shows how to construct smoothers 
for a subtype of continuous fuzzy numbers. Then it investigates how to con¬ 
struct smoothers for the continuous fuzzy numbers. At last, it explores how 
to construct smoothers for an arbitrary fuzzy number so that it can be trans- 
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formed into a smooth fuzzy number. On the basis of above results, it shows 
that how to construct smooth approximations for fuzzy numbers which have 
hnite non-differentiable points. This type of fuzzy numbers are quite general 
in real world applications. It further hnds that, by appropriately choosing 
the smoothers, the smooth approximations can be Lipschitz approximations 
and can preserve the core at the same time. We give simulation examples to 
validate and to illustrate the theoretical results. 

The remainder of this paper is organized as follows. Section 2 presents prelim¬ 
inaries about fuzzy numbers and the convolution method for approximating 
fuzzy numbers. Section 3 gives properties on the continuity of fuzzy numbers. 
In Section 4, it shows that the convolution transform can keep the differ¬ 
entiability of fuzzy numbers which is the key property to ensure that the 
convolution method can be used to smooth fuzzy numbers. On the basis of 
the results in Sections 3 and 4, it discusses how to smooth and approximate 
a general fuzzy number in Section 5. In Section 6, it investigates advantages 
of constructing approximations by the convolution method. In Section 7, we 
draw conclusions. 


2 Preliminaries 


2.1 Fuzzy numbers 


In this subsection, we introduce some basic and important notations and prop¬ 
erties about fuzzy numbers which will be used in the sequel. For details, we 
refer the reader to references [11,24]. 

Let N be the set of all natural numbers, M be the set of all real numbers. A 
fuzzy subsets m on M can be seen as a mapping from M to [0,1]. For a G (0,1], 
let [u]a denote the a-cut of u] i.e., [u]a = {x G M : u{x) > a} and [m]o denotes 
{x G M : M(a;) > 0}. We call u a fuzzy number if u has the following properties: 

(i) [m]i 7 ^ 0; and 

(ii) [u]a = [u~{a), u~^{a)] are compact intervals of M for all a G [0,1]. 

The set of all fuzzy numbers is denoted by In [27], a fuzzy number is 

also called a fuzzy interval. 

Suppose that m is a fuzzy number. The 1-cut of u is also called the core of u, 
which is denoted by Core(M), i.e. Core(M) = [m]i. u is said to be Lipschitz if u 
is a Lipschitz function on [m]o, i.e. \u{x) — u{y)\ < K\x — y\ for all x,y G [m]o, 
where 77 is a constant which is called the Lipschitz contant. 

The following is a widely used representation theorem of fuzzy numbers. 
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Proposition 2.1 (Goetschel and Voxman [13]) Given u G then 

(i) u~{-) is a left-continuous nondecreasing bounded function on (0,1]; 

(a) is a left-continuous nonincreasing bounded function on (0,1]; 

(Hi) u~(-) and u~^(-) are right continuous at a = 0: 

(iv) u-{l)<u+{l). 

Moreover, if the pair of functions a(A) and b{\) satisfy conditions (i) through 
(iv), then there exists a unigue u G J^(M) such that [u]a = [a(A), b{\)] for each 
a G (0,1]. 

From the definition of fuzzy numbers, we know that, given x < m“(1), then 
u{x) = i.e. u is right-continuous at a; < m“(1). Similarly, u{x) = 

hm^_^ 2 ;_ u{z) for each x > m’''(1), i.e., u is left-continuous at each x > m’''(1). 

The algebraic operations on J^(M) are defined as follows: given u, v E 
a G [0,1], 


[U + V]a = [u]a + Ha = [u (o) -f V (o), {o) -f ^^(q;)], 

[u — v]a = [u]a — Ha = [u~{a) — n’''(Q;), u~^{a) — n“(Q;)], 

[u ■ v]a = Hq ■ [n]a = [min{a;|/ : x G [«]«, y G Ha}> max{a;|/ : x G [tija, y e Ha}]- 

( 1 ) 

From (1), we know that if r is a real number and n is a fuzzy number, then 

, \v{t/r), r^O, 

{r-v)(t) = < 

[X{0}(^), ^^ = 0, 

where X{o} is the characterization of {0}. 

Suppose that m is a fuzzy number. Its strong-o-cuts [m]^, a G [0,1], are defined 
by: 


r r ^ V U, >a [u]g = [lim^ u (/3),hm^^«+M+(/?)], a < 1, 

Ma = K («)><(«)] = \ 

{ Ml = [« 0 = 1. 

Clearly, Hi = Hi) Mo = Mo) Mo — Ma for all a G [0,1]. It is easy to 
show that 

[u + v\l = Ma + Ha = K(a) 

[u - vY^ = Ha - Ha = K(a) - ut{a) - n;(a)]. 

We call «“(■), «“'"(■), cut-functions. The o-cut and strong-o-cut 

are also called level-cut-set or strong-level-cut-set, respectively. 
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The supremum metric on J^(M) is defined by 

doo{u,v) = sup max{|M“(Q;) — n“(Q;)|, |m’'"(q;) — v’'"(q;)|}, 
oe[o,i] 

where u,v E 


2.2 Convolution method for approximating fuzzy numbers 


This subsection describes a method based on the convolution transform to ap¬ 
proximate a fuzzy number. This convolution method was first putted forward 
by Roman-Flores [22], and traced back to the work of Seeger and Voile [23]. 
Chalco-Cano et ah [27,28] gave important contributions to this method. They 
used this convolution method to produce smooth approximations for a class 
of non-smooth fuzzy numbers. 

The sup-min convolution uVv of fuzzy numbers u and v is defined by 

{u'Vv){x) = sup{m(|/) a v{x — y)}. 
ym 

Remark 2.2 In fact uVu = u+v for all u,v E . For details, see [11,24]. 
The following is some symbols which are used to denote subsets of 

• is denoted the family of all fuzzy numbers u such that u is strictly 
increasing on [m“(0),m“( 1)], strictly decreasing on [m+(1),m+( 0)], and dif¬ 
ferentiable on (m“( 0),M“(l)) U (m+(1),M+(0)). 

• is denoted the family of all fuzzy numbers u such that u is differen¬ 
tiable on (m“(0), U ^■'■(0)). 

• 77^(1^) is denoted the family of all fuzzy numbers u such that m : M —)■ [0,1] 

is continuous on [m]o = [m“(0), m’''( 0)]. In other words, given u E J^(M) with 
[m]o is not a singleton, then u E if and only if u is continuous on 

(m“( 0), M+(0)), right-continuous on m“( 0) and left-continuous on m+(0). 

• JV)(1^) is denoted the family of all differentiable fuzzy numbers, i.e., the 

family of all fuzzy numbers u E such that m : M —)■ [0,1] is differen¬ 

tiable on (m“(0),^■'■(O)). 

Given a fuzzy number u in u need not be strictly increasing on 

(m“( 0),and strictly decreasing on (m+(1),m+(0)). So 

Observe that, for each v E v is differentiable on (n“(l),n+(l)). Thus, 

for every u E its possible non-differentiable points in (m“(0),m’''(0)) 
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are m“( 1) and It is easy to check that 

Clearly, given u G if a; G [m]i and x is an inner point of [m]o, then 

u'{x) = 0. We also call u G a smooth fuzzy number. 

Suppose that u G J^(M) and v G then v is said to be a smoother of u 

if uVv G 

Chalco-Cano et ah [27] pointed out that each fuzzy number in can be 

approximated by a smooth fuzzy numbers sequence which is constructed by 
using the convolution method. They constructed fuzzy numbers Wp, p > 0, as 
follows: 

Jl-(7)'. if2;G [-p,p], 

Wp{x) = < ( 2 ) 

[0, ifa;^[-p,p]. 

Obviously, Wp G for all p > 0. They presented the following result. 

Proposition 2.3 [27] If u G then uVwp G 

Notice that dooiu^uVwp) —)■ 0 as p —)■ 0. Thus Proposition 2.3 indicates that 
every fuzzy number in can be approximated by fuzzy numbers se¬ 

quences contained in 

We can see that the fuzzy numbers Wp, p > 0, work as smoothers, which 
transfer each fuzzy number m to a smooth fuzzy number uWwp. The smooth 
fuzzy numbers sequence {uWwp} construct a smooth approximation of the 
original fuzzy number m, i.e., uVwp —)■ m as p —)■ 0. 

Chalco-Cano et ah [28] further presented an approach to produce a more large 
class of smoothers. A class of fuzzy numbers are dehned by 


Zl{x) 


f K\M/p), Ikll <p, 

0, ||a;|| > p. 


(3) 


where p > 0 is a real number and that / : [0,1] —)■ [0,1] is a continuous and 
strictly decreasing function with /(O) = 1,/(1) = 0. It is easy to see that 
Zl = Wp when / = v^l — t. They gave the following result. 

Proposition 2.4 [28] Suppose that Zj^ is defined by (3). If f is differentiable 
and limQ_^i_ f'{a) = — 00 , then uVZl G JA)(1^) for each u G 

Notice that dooiuVZ^, m) —)■ 0 as p —)■ 0. This means that given / satishes 
the above conditions, it produces a class of smoothers : p > 0} and a 
smooth approximation {uWZ^ : p > 0} of the fuzzy number u. Different / 
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corresponds to different class of smoothers and then corresponds to different 
smooth approximation. 


3 Properties of fuzzy numbers 


In this section, we investigate some properties on the continuity of fuzzy num¬ 
bers which will be used in the sequel. It hrst lists some conclusions on the 
values of membership functions of fuzzy numbers, and conclusions on charac¬ 
terizations of continuous points of fuzzy numbers. Based on this, it gives some 
characterizations of continuous intervals of fuzzy numbers. At last, it considers 
the properties of continuous points of the cut-functions of fuzzy numbers. 

We list some propositions and corollary which can be found in [11,24] or as 
direct consequences of the conclusions therein. The following four conclusions 
discuss values of fuzzy numbers’ membership functions. 

Proposition 3.1 Suppose that u G F{R) and that a; G M, then the following 
statements hold. 

(i) If u~{l) > X > uf{a), then u{x) > a. 

(ii) If < X < uf{a), then u{x) > a. 

(Hi) If X < uj{a) or X > uf{a), then u{x) < a. 

Proposition 3.2 Suppose that u G F(M) and that a; G M, then the following 
statements hold. 

(i) Ifu~{a) < u~{a), then u{x) = a when x G {u~ {a), uj{a)). 

(ii) Ifu~^{a) > uf{a), then u{x) = a when x G (m+(q;), m’''(q;)). 

Proposition 3.3 Suppose that u G If u is continuous at a point x G 

(m“(0), ^■'■(O)) which is egual to u~{a) or u~^{a) or uf{a) or uf{a), then 
u{x) = a. 

Corollary 3.4 If u E then 

u{u~{a)) = u{uf{a)) = a, 
u{u+{/3)) = u{ut{/3)) = 13 

for all a > u{u~{0)) and (3 > m(-u+(0)). 

Propositions 3.5 and 3.6 consider characterizations of continuous points of a 
fuzzy number. 

Proposition 3.5 Suppose that u G then the following statements hold, 

(i) Given x G (m“(0),m’''(1)], then u is left-continuous at x if and only if 
u~{(3) < X for each [3 < u{x). 



(ii) Given x & [u (1),m’''(0)), then u is right-continuous at x if and only if 
> X for each /3 < u{x). 

Proposition 3.6 Suppose that u G Then the following statements 

hold. 

(i) Given u~{q.) G (m“(0), then u is continuous at u~{a) if and only 

if u{u~ {a)) = a, and u~{/3) < u~{a) for each (3 < a. 

(ii) Given u~{a) G (m“(0), then u is continuous atu~{a) if and only 

if u{u~ {a)) = a, and u~{/3) < uj{a) for each (3 < a. 

(Hi) Given u~^{a) G (m+(1), then u is continuous atu~^{a) if and only 

if u{u^{a)) = a, and u~^{(3) > u~^{a) for each (3 < a. 

(iv) Given uf [a) G m’''(0)), then u is continuous atuf{a) if and only 

if u{uf{a)) = a, and u~^{/3) > uf{a) for each (3 < a. 

The following lemmas and theorems give characterizations of continuous in¬ 
tervals of a fuzzy number. 

Lemma 3.7 Suppose that u G Given a,h E [m“(0 ),with a < b, 

then the following statements are eguivalent. 

(i) There exists x in (a, 6] such that u is not left-continuous at x. 

(ii) There exists a, (3 in [u{a),u{b)] such that a ^ (3 and u~{a) = u~{l3). 

(Hi) u~{-) is not strictly increasing on [M(a),M(6)]. 

Proof If statement (i) holds, then there exists x G (a, b] such that u is not 
left-continuous at x. Hence a = u{x) > \miz^x-u{z) = /d, and thus u~{a) = 
= X. Note that a ^ and a, /3 E [u{a),u{b)]. So statement (ii) 

holds. 

If statement (ii) holds, then there exist a > (3 such that u~{a) = u~{l3) = x 
and a, I3 E [u{a),u{b)]. So \im.z^x-u{z) < (3 < a < u{x). This means that u 
is not left-continuous at a; G (a, 6], i.e., statement (i) holds. 

The equivalence of statement (ii) and statement (hi) follows immediately from 
the monotonicity of u~{-). □ 

Lemma 3.8 Suppose that u E J^(M). Given c,d E [m’''(1), m’''(0)] with c < d, 
then the following statements are equivalent. 

(i) There exists x in [c, d) such that u is not right-continuous at x. 

(ii) There exists a, (3 in [u{c),u{d)] such that a ^ (3 and m+(q;) = u~^{l3). 

(Hi) u^{-) is not strictly decreasing on [u{c),u{d)]. 

Proof The proof is similar to the proof of Lemma 3.7. □ 

Theorem 3.9 Suppose that u E J^(M). Then u E d^c(I^) */ ond only if the 
following two conditions are satisfied. 

(i) u~{a) 7^ u~{(3) for all a, /3 E [m(m“(0)), 1] with a ^ (3. 
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(ii) u'^{a) 7 ^ for all a, (3 E [m(m’''(0)), 1] with a ^ (3. 


Proof If [m]o is a singleton, the the conclusion holds obviously. If [m]o is not 
a singleton, the desired results follow from Lemmas 3.7 and 3.8. □ 

Theorem 3.10 Suppose thatu G J^(M) and thatu{u~if))) = oq and u{u'^ ifS)) = 
/do- Then u G if and only ifu~{-) is strietly inereasing on [oq; 1] and 

«+(■) is strietly decreasing on [/3o, 1]- 

Proof Suppose that u G it then follows from Lemmas 3.7 and 3.8 

that u~{-) is strictly increasing on [oq, 1] and is strictly decreasing on 

[Po, !]• 

Suppose that u~{-) is strictly increasing on [oq, 1] and is strictly decreas¬ 
ing on [/^o, 1]. Given u G J^(M) with [m]o is not a singleton, then m“(0) < m“( 1) 
or M“(0) = M“(l) < ^’''(1) or M“(0) = u~{l) = < m+( 0). We can check 

that in all above cases, u is right-continuous on m“( 0). Similarly, we know that 
u is left-continuous on m+( 0). By using Lemmas 3.7 and 3.8, we can also check 
that u is continuous on (m“(0), m’''( 0)). Combined with above conclusions, we 
know that u G n 

Lemma 3.11 Suppose that u,v E J^(M) and that a E [0,1], then 

(MVn)((MVn)“(Q;)) = u{u~{a)) A n(n“(Q;)), 

(MVn)((MVn)’''(Q;)) = u{u^{a)) A n(n“''(Q;)). 


Proof From Zadeh’s extension principle, we know that 
(MVn)((MVn)“(Q:)) 

= sup{M(a;) A v{y) : x + y = {u'Vv)~{a) = u~{a) + n“(Q:)} 

> u{u~{a)) A n(n“(Q;)) 

for all a E [0,1]. 

On the other hand, given x+y = u~ {a)+v~ {a), if a; > u~{a), then y < v~{a), 
hence v{y) < a, and thus u{x) A v{y) < a < u{u~{a)) A v{v~{a)). Similarly 
we can show that if a; < u~{a), then u{x) A v{y) < a < u{u~{a)) A n(n“(Q;)). 
So we know that 


{u'Vv){{u'Vv)~{a)) = u{u~[a)) A n(n“(Q;)). 

In the same way, we can prove that 

(MVn)((MVn)’''(Q;)) = u{u'^{a)) A v(n’''(Q;)). □ 

Theorem 3.12 Letu E and letv E Suppose that u{u~ {tf)) = og 

and m(m’''(0)) = /3o, then uVv is continuous on [(MVn)“(Q:o); ('wVv) + (/do)]. 
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Proof Since u{u (0)) = oq and m(m’''(0)) = /3o, we know that u (0) = m (oq) 
and ^■'■(0) = M+(/do)- Thus, by Lemma 3.11, 

(mVw)((mVw)“(q:o)) = u{u~{ao)) A w(w“(q;o)) = «o, 
{uVv){{uVv)+{/3o)) = u{u+{/3o)) A v{v+{/3o)) = /Sq. 

Since u G by Theorem 3.10, we know u~{-) is strictly increasing on 

[oo, 1] and m^(-) is strictly decreasing on [/^q, 1]. Note that 

(mVw)“(-) = M“(-) + 

(mVw)+(-) = «+(•) 

and hence (mVu)“(-) is strictly increasing on [oq, 1] and {u'Vv)~^{-) is strictly 
decreasing on [/3o)l]- Then, using Lemmas 3.7 and 3.8 and reasoning as in 
the proof Theorem 3.10, we can prove that if [(mVu)“(q;o), (mVw)’''(/3o)] is not 
a singleton, then uViu is right-continuous on (mVw)“(q;o), left-continuous on 
(mVv)’''(/3o) and continuous on ((mVu)“(q;o), (MVu)’''(/do))- So uViu is contin¬ 
uous on [(mVu)“(q;o), (mVv)’''(/3o)]- ^ 

Theorem 3.13 Suppose that u G and that v G If u satisfies 

that u{u~{0)) < n(n“(0)) and m(m’''( 0)) < n(w’''(0)), then uVv G 

Proof From Lemma 3.11, we know that 

(mVw)((mVw)“(0)) =m(m“(0)), 

(mVw)((mVw)’''(0)) =m(m’''(0)). 

So, by Theorem 3.12, we know that uVv is continuous on [(mVv)“(0), (mVw) + (0)], 
i.e. uVv G J7:^(M). □ 

The following theorem considers the properties of continuous points of cut- 
functions. 

Theorem 3.14 Suppose that u G then the following statements hold. 

(i) u~{-) is continuous at a, if and only if, u~{a) = uj{a). 

(a) M^(-) is continuous at a, if and only if, u~^{a) = uf{a). 

Proof From Proposition 2.1, we know that u~{-) is discontinuous at a, if and 
only if, u~{-) is not right continuous at a, i.e. u~{a) < \mip^a+u~ {fi) = u~{a). 

So statement (i) is true. Statement (ii) can be proved similarly. □ 

Remark 3.15 The assumption that u G even the stronger assumption 

that u G cannot imply that u~{-) and «’*'(■) are continuous on [0,1], 

Also, the assumption that u~{-) and m^(-) are continuous on [0,1] cannot imply 
that u G J7:;(M). 
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4 Properties of convolution of fuzzy numbers 


In this section, we investigate some properties of convolution of two fuzzy 
numbers. It finds that the convolution transform can keep the differentiability 
of fuzzy numbers. This is the key property which ensures that the convolution 
method can be used to smooth and to approximate fuzzy numbers. 

The following theorem states that convolution transform can retain the differ¬ 
entiability when the derivative is zero. The symbols and /+(■) are used 
to denote the left derivative and the right derivative of /, respectively. 

Theorem 4.1 Let u,v E and let a G [0,1], then the following state¬ 

ments hold. 

(i) Ifv'_{v~{a)) = 0 , then {uWvy_{{uWv)~[a)) = 0 . 

(a) If vf{v~{a)) = 0, and v{v~{a)) = (I, then {uVv)f{{uVv)~{l3)) = 0. 

(in) If v'_{vL{a)) = 0, then {uVvy_{{uVv)j(a)) = 0. 

(iv) Ifvy{vf{a)) = 0, and v{vf{a)) = fl, then {uVv)y{{uVv)f {/I)) = 0. 

(v) If v'_{v^{a)) = 0, and n(n+(Q;)) = /3, then {uVvy_{{uVv)^{/I)) = 0. 

(vi) Ifvy{v~^{a)) = 0, then (MVn)'_,_((MVn)’''(Q;)) = 0. 

(vii) Ifv'_(vt(a)) = 0, and nfn+fo;)) = fl, then (uVvy_((uVv)f (fl)) = 0. 

(vzzz) Ifvfivfia)) = 0, then {uVv)y{{uVv)t{a)) = 0. 

Proof See Appendix A. □ 

The following theorem expresses the fact that the differentiability at the left- 
endpoints of level-cut-sets still holds after convolution transform. Furthermore, 
it gives the corresponding derivatives. 

Theorem 4.2 Let u,v E and let a E [0,1], then 

(i) Ifu'_{u~{a)) = v? > 0 and nk(n“(a;)) = t/’ > 0, then {uSJvy_{{uWv)~{a)) = 

. 

(ii) If uy{u~ {a)) = 99 > 0, vy{v~{a)) = ■^ > 0, and u{u~{a)) = v{v~{a)) = 

13, then {uVv)y{{uVv)~{(3)) = {ip~^ 

(in) Ifuy{u~{a)) = tp, u{u~{a)) = (3, andv{v~[a)) = j > (3, then {uVv)y{{u'Vv)~{(3)) 

if. 

(iv) If u'_{u~[a)) = p>, and limj^^^-(Q,)_ n(l/) = A < a, then (nVn)'_((nVn)“(Q;)) = 

(f. 

Proof See Appendix B. □ 

The following theorem shows that convolution transform keeps the differen¬ 
tiability at the right-endpoints of level-cut-sets. It also computes the corre¬ 
sponding derivatives. 

Theorem 4.3 Let u,v E and let a E [0,1], then 
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(i) //«'_,_(«+(«)) = v? > 0 and v'j^{v^{a)) = ■^ > 0, then {uVv)'j^{{uVv)'^{a)) = 

. 

(ii) If uhiw^(a)) = ip > 0, = tb > 0, and u(u~^(a)) = v(v’''(q;)) = 

13, then {uWvy_{{uWvy{l3)) = 

(in) Ifu'_{u^{a)) = ip, u{u^{a)) = [3, andv{v^{a)) = ■j > (3, then {uVvy_{{u'Vv)~^{/3)) 

ip. 

(iv) Ifuy{u~^{a)) = ip, and limy^.„+(^a)+v{y) = \ < a, then (mVv)'_,_((mVu)’''(q;)) = 

ip. 

Proof The proof is similar to the proof of Theorem 4.2. □ 


5 Smooth approximations of fuzzy numbers generated by the con¬ 
volution method 


In this section, we consider how to use the convolution method to give smooth 
approximations for an arbitrarily given fuzzy number. The key step is the 
constructing of smoothers. It discusses how to construct smoothers for a gen¬ 
eral fuzzy number so that it can be smoothed by the convolution method. We 
show how to do this step by step. Firstly, it shows how to construct smoothers 
for fuzzy numbers in -Fn( 1R) H Secondly, it discusses how to construct 

smoothers for fuzzy numbers in At last, it investigates how to con¬ 

struct smoothers for an arbitrary fuzzy number so that it can be smoothed. 
Based on above results, we then assert that, given an arbitrary fuzzy number 
with hnite non-differentiable points, one can use the convolution method to 
generate smooth approximations for it in hnite steps. The condition that the 
number of non-differentiable points is hnite is quite general for fuzzy numbers 
used in real world applications. Several simulation examples are given to vali¬ 
date and illustrate the theoretical results. All computations in this section are 
implemented by Matlab. 

In the following, we give some lemmas to discuss diherentiability of the con¬ 
volution of two fuzzy numbers at various types of its inner points. 

Lemma 5.1 Suppose that u G J^(M) and that w G Then the following 

statements hold. 

A1 {uVwy{x) = {ip~^ +when x = {uVw)~{a), u'{u~{q.)) ■.= ip > t), 
and w'{w~{a)) := -ip > 0. 

A2 {uVwy{x) = 0 when x = {uVw)~{a) and u'{u~{a)) ■ w'{w~{a)) = 0. 

A3 {uVwy{x) = {ip~^ -1-'^“^)“^ when x = {uVw)~{a), u'{u~{a)) =: v? > 0, 
and wyw~{a)) =: > 0. 

A4 {uVwy^x) = 0 when x = {uVw)f {a) and «'(«“(«)) ■ w'{wf{a)) = 0. 

A5 {uVwy^x) = {ip~^ -1-'^“^)“^ when x = (MVtc)’''(Q;), u'{u~^{a)) := ip < 0, 
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and w'{w~^{a)) := 'ip < 0. 

A6 {uViuY^x) = 0 when x = {uVw)^{a) and «'(«+(«)) ■ w'{w~^{a)) = 0. 

A7 {uVwYlx) = {ip~^ + when x = {u'Vw)Y{a), u'{uY{a)) =: (p < 0, 

and w'{wY{q:)) =: -ip < 0. 

A8 {uVwYix) = 0 when x = {uVw)Y{a) and u'{uY{a)) ■ w'{wY{q:)) = 0. 

A9 (uVw)'(x) =0whenxe ((uVw)~(l), (uVw)~^(l)) orx e 
orx e Uo<a<i((«Vw)+(a), {uVw)+{a)). 

Proof We only prove statements Al, A2 and A9. Other statements can be 
proved similarly. 

Suppose that x, u~{a) and w~{a) satisfy the premise of statement Al. By 
Proposition 3.3, we know that u{u~{a)) = w{w~{a)) = a. Since u'{u~{a)) = 
p > 0 and wYw~{a)) = 'ip > 0, hj Theorem 4.2 (i), (ii), we have that 
{uVwYix) = {uVwY{{u'Vw)~{a)) = +'ip~^)~^. So statement Al holds. 

Assume that x, u~{a) and w~{a) meet the premise of statement A2. Since 
u'{u~{a)) = 0 or w'{w~{a)) = 0, by Theorem 4.1 (i), (ii), we have that 
{uVwYix) = {uVwY{{uVw)~{a)) = 0. Hence statement A2 holds. 

Suppose that x G ((MVtc)“(l), (MVtc)’''(l)) or a; G Uo<o<i (((mVw) (a), (mVw), (a))U 
{{uVw)Y{a), {uVw)~^{a))). Then, clearly, (uVwYix) = 0. This is statement 

A9. □ 

Remark 5.2 If u'{up{a)) =: p > 0 and w'{wp{a)) =: ■^ > 0, then u~{a) = 
up {a) and w~{a) = wp{a). So statements Al and A3 are exactly the same. 
Similarly, statements A5 and A7 are same. 

Lemma 5.3 Suppose that u G J^(M) and that w G If w satisfies 

conditions (i) and (ii) listed below: 

(i) w{w~{0)) = u{u~{0)) and w{w~^{0)) = u{u'^{0)). 

(ii-1 ) Ifu~{l) is an non-differential inner point of[u]o, then tc'_(t(;“(l)) = 0. 

(ii-2) Ifu'^il) is an non-differential inner point of[u]o, then tc(,_(t(;’''(l)) = 0. 

Then the following statement holds. 

AlO {uWwY{x) = 0 for each x G ((MVtc)“(0), {u'Vw)~^{0)) with {u'Vw){x) = 

1. 

Proof Set tc(t(;“(0)) = m(m“(0)) := Oq, then by Lemma 3.11, we know that 
(MVtc)((MVtc)“(0)) = oo- Suppose that x = (MVtc)“(l). Since x is an inner 
point of [tiVtcjo, we know oq < 1- Now we prove 

{uVwY{x) = 0. 

The proof is divided into two cases. 
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Case (A) w (1) is an inner point of [tajo- 

In this case, it follows from w G that w'{w~{l)) = 0. Thus, from 

Theorem 4.1(i)(ii), {uViuY^x) = {u'Vwy{{u'Vw)~ {!)) = 0. 

Case (B) ta“(l) is not an inner point of [tajo- 

In this case tc“(l) = tc’'“(0). So tc(tc’''(0)) = ■u(m’''( 0)) = 1. Since x = 
(■uVtc)“(l) is an inner point of [tiVtcjo, we know that m“(0) < m“( 1) < 
M+(l) = M+(0). Hence m“( 1) is an inner point of [m]o. If u~{l) is a differential 
point, then u'{u~{l)) = 0. So, from Theorem 4.1(i)(ii), 

{uVwy{x) = {uV w)'{{uV w)~ {!)) = 0. 

If M“(l) is a non-differential point, then by condition (ii-1) that tc'_(tc“(l)) = 
0, and thus, by Theorem 4.1(i), we know that 

(mVw)'_((mVw)“(1)) = 0. (4) 

Since m“( 1) < we obtain that = 0, and hence by Theorem 

4.1(ii), 

(MVtc)'_,_((MVtc)“(l)) = 0. (5) 

Combined with (4) and (5), we obtain that {uVwy{x) = (MVtc)'((MVtc)“(l)) = 

0. 

Similarly, we can show that (MVtc)'(a;) = 0 when x = (MVtc)’''(l). From state¬ 
ment A9, we know that (MVtc)'(a;) = 0 when x G ((mVw) (1), (MVtc)’''(l)). 
In summary, statement AlO is correct. □ 

Lemma 5.4 Suppose that u G J^(M) and a < 1. 

(i) Ifu~{a) = then u is not left-continuous at uj{a). So we know that 

if < uf{a) = then u ^ 

(a) If uf {a) = u~{0), then u is not right-continuous at ufi^a). So we know 
that ifu~{0) = uy{a) < then u ^ 

(Hi) If u~{a) = then u is not left-continuous at u~{a). So we know 

that if u~{tS) < u~{a) = then u ^ 

(iv) If u'^ {a) = M“(0), then u is not right-continuous at u~^{a). So we know 
that ifu~{0) = u'^{a) < then u ^ 

Proof Suppose that uf{a) = m^( 0), a < 1, then uf{a) = m“(1) = = 

M+(0). Hence u{u~{a)) = 1. Note that M(a;) < a, thus u is not 

left-continuous at uj{a). If ^“(0) < uj{a) = m’'"( 0), then, clearly, u ^ 

This is statement (i). Similarly, we can prove statements (ii)-(iv). □ 

Lemma 5.5 Suppose that u G J^(M) and that w G satisfies condition 

(i) in Lemma 5.3. Then, given x G ((MVtc)“(0), (MVtc)’''(0)) with {uVw){x) < 
1, the following statements hold. 
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B1 {uVwY {x) = 0 and x = {u'Vw)^ (0) when x = {uVw)^ (a) and (a) = 

M-(0). 

B2 {uVwy{x) = 0 and x = (mVw)+(0) when x = {uVw)Y{a) and uf^a) = 

M+(0). 

Proof We only prove statement Bl. Statement B2 can be proved simi¬ 
larly. Set tc(ta“(0)) = m(m“( 0)) = (MVta)((MVta)“(0)) := Oq- Suppose that 
X = {u'Vw)~{a) and uj{a) = m“( 0). Then a = oq < 1. Note that x = 
(MVta)7(Q;o) = '^^(ao) + is an inner point of [tiVtajo, hence tc“(0) = 

w~{ao) < w~{ao). Since w G by Lemma 5.4, we know ^^(ao) < 

^■•■(0), and therefore w~(ao) is an inner point of [tc]o. So wYw~(ao)) = 0. It 
thus follows from Theorem 4.1 (hi), (iv) that {uVwy^x) = {uVw)'{{uVw)~{ao)) = 
0 . □ 

Lemma 5.6 Suppose that u G J^(M) and that w G satisfies condition 

(i) in Lemma 5.3 and condition (Hi) listed below 

(iii-1) If u~ {u{u~ {0))) is an non-differential inner point of [u]q, then wy{w~ {0)) 

0. 

(iii-2) If uf {0))) is an non-differential inner point o/[m]o, then w'_{w^ if))) 

0. 

Then, given x G ((MVtc)“(0), (MVtc)’''(0)) with {u'Vw){x) < 1, the following 
statements hold. 

B3 {uVw)' (x) = 0 and x = {u'Vw)^ (0) when x = {u'Vw)^ {a), (a) = 

tc“(0) and m“(0) < uf{a) < m’''(0). 

B4 {uVwyi^x) = 0 and x = (MVtc)^(O) when x = {u'Vw)f{a), tc^(Q;) = 
^■•■(0) and M“(0) < uf{a) < m’''(0). 

Proof We only prove statement B3. Statement B4 can be proved similarly. 

Set tc(t(;“(0)) = m(m“( 0)) = (MVtc)((MVtc)“(0)) := Oq- From wf{a) = w~{0) 
and ■u“(0) < uf{a) < m’''( 0), we know that a = oq < 1- 

If u is differentiable at ufi^o.), it then follows from m“(0) < m“(q;o) < m’'“( 0) 
that m'(m“(q;o)) = 0, and thus, by Theorem 4.1 (hi), (iv) 

{uVwy{x) = {uV w)'{{uV w)y {afj) = 0. 

If u is not differentiable at uf{a), then from condition (iii-1), we know that 
w+(wL(ao)) = tc+(tc“(0)) = 0, and so, by Theorem 4.1(iv), 

{uVw)f{x) = {uVw)f{{uVw)y{ao)) = 0. 

Note that a; = {u'Vw)f{ao) is an inner point, hence {u'Vw)~{ao) < (MVtc)“(Q;o); 
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{uVw) (f) 




(a) 0 < ao < 1, 0 < /3o < 1 (b) oq = Po = 0 

Fig. 1. Some examples of uVw 

and thus we know {u'Vwy_{x) = {u'Vwy_{{u'Vw)~(ao)) = 0. So 

{uVwy{x) = {uVwy{{uVw)~{ao)) = 0 . □ 


(uVw) (f) 



l = «o=A 

• - « 

1 - • 

-•- 

-•-• 


(kViv) (1) (hVw)*(1) 

(c) ao = do = 1 


The following theorem gives a method to search smoothers for fuzzy numbers 
in J^n(K) n 

Theorem 5.7 Suppose that u G H o,nd that w G then 

w is a smoother of u, i.e. uVw G when w satisfies conditions (i) and 

(ii). 

Proof Set ta(ta“(0)) = m(m“(0)) := ao and m(m'''(0)) = m(m’''( 0)) := do, then 
by Lemma 3.11, we know that (■uVm)((MVta)“(0)) = oo and {u'Vw){{u'Vw)~^{0)) = 
do- Thus [nVtajo = [(mVw)“(q!o), ('?^Vta)'''(do)]- In Fig 1, we give some exam¬ 
ples of uVw with different Oq and do- 

Since w satishes condition (i), from Theorem 3.13, we know that uVw G 
To show uVw G is equivalent to prove that nVta is differen¬ 

tiable at each inner point of [nVtcjo- 

Let X be an inner point of [nVmjo, i.e. x G {{uVw)~{ao), {uVw)~^{fio))■ From 
statement AlO, we know that {u'Vwy{x) = 0 when {u'Vw){x) = 1. By state¬ 
ment A9, we obtain that {uVwy{x) = 0 when x is neither an endpoint of an 
o-cut nor an endpoint of a strong-a-cut. 

Next, we consider the rest situation of x, i.e. {u'Vw){x) < 1 and x is an 
endpoint of an a-cut or an endpoint of a strong-a-cut. We split this situation 
into two cases. It is clear that a < 1 in these two cases. 

Case (A) x = {u'\/w)~{a) {{uWw)^ {a), {uWw)~^(a), (nVtc)^(a)) with {u'\/w){x) < 
1, and both u~{a) and w~{a) {uf{a) and wf{a), u'^{a) and tc’''(Q;), uf{a) 
and being inner points of [m]o and [wjo, respectively. 
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Note that u G and w G hence w is differentiable at each 

inner point and u is differentiable at each inner point y when u{y) < 1. So, by 
statements A1-A8, we can compute {uViuY^x). For example, suppose that 
x= {u'Vw)~{a) = M“(Q;)+tc“(Q;), and both (a) and w~{a) are inner points 
of [m]o and [wjo, then, by statements A1 and A2, we obtain the differentiability 
of uViu at X. 

Case (B) x = {uVw)~{a) {{uVw)~{a), {uVw)Y{a)) with {u'\/w){x) < 

1 and X is not in Case (A). 

We claim that the following situations will not occur. 

i X = {u'Vw)j{a), uj{a) = m“( 0) and wj{a) = t(;“(0). 

ii a; = {u'Vw)Y{a), uf^a) = m+( 0) and tc^(Q;) = tc’''(0). 

iii tc“(0) < w~{a) = tc’''(0). 

iv = tcj"(Q:) < tc’'“(0). 

In fact, if a; = {u'Vw)j{a), uj{a) = m“( 0) and w~{a) = tc“(0), then x = 

{uVw)~{a) = M“(0) + tc“(0) = (MVtc)“(0) is not an inner point of [tiVtcjo- 
Hence situation (i) can not occur. Similarly, situation (ii) does not occur. 
Since w G by Lemma 5.4, we know that situations (iii) and (iv) will 

not occur. 

If a; = {u'Vw)~{a) is an inner point of [MVtcjo, we obtain 1 > a > ao- Note 
that w is in J^d(I^), hence w~{ao) < w~{a) < tc“(l), and therefore u~{ao) < 
u~{a) = M+(0). So case (B) can be divided into the following subcases. 

Bi X = {u'Vw)g (a) and Ug (a) = u (0). 

Bii X = (MVtc)^(Q;) and ^^'(q;) = m^(0). 

Biii X = {u'Vw)g (a), Wg (a) = w (0) and u (0) < Ug (a) < m’''(0). 

Biv X = wY{a) = tc'''(0) and m“(0) < uf{a) < m+(0). 

Bv X = {u'Vw)g{a), wj{a) = t(;“(0) and m“(0) < uj{a) = m’''(0). 

Bvi X = {u'\/w)Y{a), wY{a) = tc'''(0) and m“(0) = uY{a) < m+(0). 

Bvii X = w~{0) < w~{a) < tc+(0) and m“(0) < u~{a) = m+(0). 

Bviii X = {uWw)f (a), w~{0) < wf{a) < tc+(0) and m“(0) = uY{a) < m+(0). 

Bix X = (tiVtc) (a), w (0) < tc (a) < w (1) and u {0) < u (a) = m’''(0). 

Bx X = {u'Vw)~^{a), < w~^{a) < tc’''(0) and m“(0) = u~^{a) < m’''(0). 

Since u G J^c(I^); by Lemma 5.4, we know that subcases Bv-Bx do not occur, 
i.e., case (B) can be decomposed into four subcases: Bi-Biv. Notice that if 
u G J^n(IR), then w satishes condition (iii). So, by statements B1-B4, we can 
prove the differentiability of uVui at x. □ 

Now we give some examples to illustrate Theorem 5.7. By Example 5.8, we 
describe the role of condition (i) in Theorem 5.7. 


18 




Fig. 2. Fuzzy numbers in Example 5.8 


Example 5.8 Suppose 


u{t) = < 


t + 1, t G [—1, 0], 

1-t, tG [0,1], 

0 , 


Observe that u is differentiable on (—1,1) \ {0}. We can see that u G O 

and 

[u]a = [-1 + a, I - a] 

for all a G [0,1]. See Fig. 2a for the figure of u. Let 


w{t) = < 

[o, 

then 

[ [-\/l - a, a/ 1 - a], a e [0.5,1], 

Ha = < ^^_ 

[ [-^/o:5,^/o:5], a ^[0,0.5]. 

See Fig. 2b for the figure of w. It can be checked that w is differentiable on 
(—0.5,0.5), i.e. w G Notice that 

= w'{w~^{l)) = ii;'(0) = 0, 
u;(m;"( 0)) = 0.5 ^ 0 = n(M"(0), 
u;(w+(0)) = 0.5 ^ 0 = m(m+(0)), 

thus we know that u and w satisfy all but condition (i) in Theorem 5.7. We 
will see that w is not a smoother of u. In fact, it can be computed that 


[uVw]a = [u]a + Ha 


[—1 T ct — — cr, 1 — cr T , cx G [0.5,1], 

[-1 + a - VlhS, 1 - a + VO^j, a ^ [0, 0.5]. 
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(a) u (b) wi (c) uVwi 

Fig. 3. Fuzzy numbers u, wi and uVwi in Example 5.9 
Now we can plot the figure of uVw in Fig 2c, and obtain 


{u'Vw)(t) = < 


l+t+ 

t + O.Syr^^ + 0.5, 
-t + o.bvrr^+0.5, 
l-t + 7(15, 


t e 
t e 
t e 
t e 


[-1 - \/a5,-o.5 - V^], 


[-0.5- yo3,0], 

[0,0.5 + y^], 

[0.5 + ^05,1 + 7+5]. 


It is easy to check that uVw is not differentiable at t = —0.5 — -y/lhS and 
t = 0.5 + a/ 0+, and therefore uVw ^ So w is not a smoother of u. 

This means that condition (i) in Theorem 5.7 can not be omitted. 

In Proposition 2.3, it pointed out that if u G then uVwp G 

This means that Wp, p > 0, can serve as smoothers for all fuzzy numbers in 
In Theorem 5.7, it finds that Wp, p > 0, can also work as smoothers 
even for fuzzy numbers not in The following example is given to show 

this fact. 


Example 5.9 Suppose 


-0.5(f2 + 2f). 

t G 

1-2.-1), 

0.5, 

t G 

1-1,-0.5] 

2t^ + 2t + l, 

t G 

T 

o 

2t^ - 2t + 1, 

t G 

(0,0.5), 

0.5, 

t G 

|0.5,1], 

-0.5(f2 -2f), 

t G 

(1,2], 

0, 

t ^ 

1-2.2]. 


See Fig. 3a for the figure of u. Clearly u is not strictly increasing on [—1, —0.5] 
and is not strictly decreasing on [0.5,1]. Therefore u is in H but 


20 













not in Take wi defined in (2), i.e. 


Wiit) 


l-t\ t e [-1,1], 
0, t^[-l,l]. 


The figure of Wi is in Fig 3b. It is easy to check that u and Wi satisfy all the 
conditions in Theorem 5.7. Thus wi is a smoother for u. Now, we validate this 
assertion by computing uVwi. Note that 


[mVwi] 



a = [u]a + 

[-V1 - 2a - 1 - 1 + VI - 2a + VT^j, 

[0.5(-l + V2a - 1) - VT^, 0.5(1 - V2a - 1) + v^T^j, 


a e [0,0.5], 
a e (0.5,1], 


and thus we can obtain that 


{uVwi){t) 


' -{t + l)(3t + 2(2V + 4t + 3)°'5 + 3), te [-3, -1 - VOS], 

0.5, t e (-1 - Vo^,-o.5 - VT5], 

(4t(l -2t- 2V)0-5)/9 - (2t)/9 + (2(1 - 2t - 2V)0-5)/9 - (2V)/9 + 7/9, 

t e (-0.5- V(h5,0], 


= < 


(-4t(l + 2t- 2V)0-5)/9 + (2t)/9 + (2(1 + 2t- 2ty-^)/9 
0.5, 

{t - l)(-3t + 2(2V - 4t + 3)°-^ + 3), 

0 , 


- (2V)/9 + 7/9, 

t e [0,0.5 + Vas), 
t G [0.5 +Va5,i +Vas), 
t e [1 +Va5,3], 
t^[-3,3]. 


The figure of uVwi is in Fig 3c. It can be computed that 

(mVwi)'(-i - yas) = (mVwi)'(-o. 5 - Vas) = o, 

(mVw;i)'(0) = 0, 

(MVtci)'(i + v^as) = (MVtci)'(o.5 + v^as) = o. 

Combined with the expression of uViUi, it now follows that uVuii is differ¬ 
entiable on (—3,3), i.e., uViUi G JV)(I^)- This means that Wi can work as a 
smoother for the fuzzy number u which is in (JV(I^) C JV (1 ^))\-Tt (M). 


However Wp, p > 0, may not be smoothers for a fuzzy number u which is not 
in The following example is given to show this fact. 


21 




(a) u (b) uVwi 

Fig. 4. Fuzzy numbers in Example 5.10 


Example 5.10 Suppose that 


u{t) = < 


0.5t + 0.5, 
-0.5t+ 0.5, 
1 , 

0 , 


te [-1,0), 
te (0,1], 
t = 0, 

[- 1 , 1 ]. 


See Fig. 4a for the hgure of u. It is easy to check that u G (J^T(I^)nJ^N(I^))\‘^c(I^)- 
But 


{u'Vwi)(t) 


/ 

0.125(-8t + 9)°-5 + 0.5t + 0.375, t G [-2, -^05], 
<1-^2, te [-\/(h5,^(h5], 

0.125(8t + 9)°-^ - 0.5t + 0.375, t G [7(15,2]. 


See Fig. 4b for the hgure of uWwi. It is easy to check that uVwi is not 
differentiable at t = ±7(15. Thus uVwi ^ So Wi is not a smoother for 

u. This means that Wp, p > 0, may not work as smoothers for fuzzy numbers 
in n but not in Jx;(]R). 


Remark 5.11 Dehne 


^ n : '^('W (0)) = m('U’'’(0)) = 0}. 

Let M be a fuzzy number in Suppose that is a fuzzy number 

dehned by (3) and satishes the conditions in Proposition 2.4, i.e. p > 0 and 
/ : [0,1] —)• [0,1] is a differentiable and strictly decreasing function with 
/(O) = 1, /(I) = 0, and hmQ,_,.i_ /'(a) = —oo. Then u and satisfy all 
conditions in Theorem 5.7. So, by Theorem 5.7, we know that Z^ presented in 
Proposition 2.4 are smoothers for fuzzy numbers in Let / = 7l ~ t, 
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then is just Wp defined in (2). So Wp, p > 0, are also smoothers for fuzzy 
numbers in 

Theorem 5.7 shows that how to choose smoothers for fuzzy numbers in 

Now we discuss how to use this method to construct a sequence of 
smooth fuzzy numbers to approximate the original fuzzy number. 

Suppose that ui^r is a fuzzy number in fl Jx;(M) with m(m“(0)) = I and 

m(m'''( 0)) = r. Define corresponding vi^r,p, p > 0, as follows. 

I 1 - (^/p)^ t e [-pVl - /,pV 1 -r], 

Vl,r,p{t) = { , _ ,_ 

[ 0, [-pVl - I, P^l - r]. 

It is easy to check that vi^r,p{v^r,pi^)) — D,r,p(Dtr,p(0)) ~ then we can 

see that, for each p > 0, ui^r and vi^r,p satisfy all the conditions in Theorem 
5.7. So vi^r,p, P > 0, are smoothers for ui^r- In the following, for simplicity, we 
use u and Vp to denote ui^r and n«,r,p, respectively. It is easy to observe that if 
/ = r = 0, then Vp is just Wp defined in (2). 

Notice that doo{u'Vvp, u) < max{pv^l — /, p^l — t} < p and uVvp G 
thus we have the following conclusion. 

Theorem 5.12 Given u in H 7^(1^), then 

doo {uVvi/n, u) < 1/n. 

So the smooth fuzzy numbers sequence {uVui/n '■ n G N} approximates u 
according to the supremum metric doo- 


The above theorem shows that, for each fuzzy number u G H77^(1^)) we 

can find a sequence of smooth fuzzy numbers {tiVui/n} which approximates 
u in doo metric. By Theorem 5.7, we can construct other types of smoothers 
for ui^r- For example, define fuzzy numbers as follows: 



/(pf^a)’ ^e[pa,P^], 
1, te[pb,pc], 

^ e [PGPd], 

0, t ^ \pa,pd], 


where a < & < c < d, p > 0, / : [0,1] —)■ [/, 1] is an increasing and differentiable 
function which satisfies that /(O) = /, /(I) = 1, and /h(l) = 0, and g : [0,1] —)■ 
[r, 1] is a decreasing and differentiable function which satisfies that p(0) = 1, 
p(l) = r, and p^O) = 0. Then it can be checked that ^(f^p, P > 0, are 
smoothers of ui^r and that converges to ui^r as p —)■ 0. 
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Next we consider how to use the convolution method to construct a smooth 
approximation for an arbitrary fuzzy number u in The following lem¬ 

mas are needed. 

Lemma 5.13 Suppose that w G and that a G [0,1], then 

(i) w'{w~{a)) = 0 is equivalent to w'{w~{a)) = 0; 

(a) w'{w~^{a)) = 0 is equivalent to w'{wf{a)) = 0. 

Proof (i) If w (a) = Wg (a), then obviously w'{w (a)) = 0 is equivalent 
to w'{w~{q.)) = 0. If w~{q.)) < w~{a), it then follows from w G that 

w'{w~{a)) = w'{w~{a)) = 0. 

(ii) The desired conclusion can be proved similarly as (i). □ 

Lemma 5.14 Let u G Suppose that w G satisfies condition (i) 

and the following condition (iv): 

(iv) Suppose that x G (m“(0), m’''(0)) is a non-differentiable point of u, then 
(iv-1) ifu~{0) < X < M“(l), then wf{w~{a)) = 0, where a := u{x); 

(iv-2) if < X < then w'_{w^{fi)) = 0, where fi := u{x). 

Then, for each z G ((MVtc)“(0), (MVtc)’''(0)) with {u'Vw){z) < 1, 

Cl {uVw)\z) = 0 when z = {uWw) (a) and u (a) G {u (0),m+(0)) is a 
continuous and non-differentiable point of u. 

C2 {uVwy^z) = 0 when z = {u'Vw)L{a) and uj{a) G (m“(0),m+(0)) is a 
continuous and non-differentiable point of u. 

C3 {uVw)'{z) = 0 when z = and u'^{a) G (m“(0),m+(0)) is a 

continuous and non-differentiable point of u. 

C4 {uVwy^z) = 0 when z = (MVtc)^(Q;) and uf{a) G (m“(0),m^(0)) is a 
continuous and non-differentiable point of u. 

Proof We only prove statements Cl and C2. Other statements can be proved 
similarly. Set oq := m(m“( 0)) = t(;(tc“(0)) = (MVtc)((MVtc)“(0)). 

Suppose that = {u'Vw)~{a) and that u~{a) G (m“(0),m’''( 0)) is a con¬ 
tinuous and non-differentiable point of u. Then oq < a < 1, and hence 
w~{a) G (tc“(0),tc’''(0)). By Proposition 3.3, u{u~{a)) = a, and therefore, 
by condition (iv-1), w'{w~{a)) = 0. It thus follows from Theorem 4.1 (i), (ii) 
that {uVwy^z) = {uVwf {{uVw)~{a)) = 0. So statement Cl is true. 

Suppose that 2 : = {u'Vw)f{a) and uf{a) G (m“(0), m’''( 0)) is a continuous and 
non-differentiable point of u. Then, by Proposition 3.3, u{uf{a)) = a < 1, and 
hence, by condition (iv-1), wy{w~{a)) = 0. If a > ao, then both w~{a) and 
wL{a) are inner points. Thus by Lemma 5.13 w'{wL{a)) = 0. So it follows 
from Theorem 4.1 (hi), (iv) that {uVwyiz) = {u'Vwy{{u'Vw)j{a)) = 0. If 
a = ao. Note that w~{ao) < wf(ao), we know that tc(^(tc7(ao)) = 0, and 
hence (uVw)y(z) = (uVw)y((uVw)f(ao)) = 0. Since 2 ; is an inner point of 
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[mVw]o, we obtain that {uViuY^z) = 0. Thus statement C2 is proved. □ 

The following theorem presents a method to hnd smoothers in From 

Theorem 5.7, we have already given a way to pick smoothers for fuzzy numbers 
in -Fc(M) n Now our considerations need include fuzzy numbers in 

Jx; (M)\JTm( 1 ^) which have one or more non-differentiable points in [m]o\[m]i. 

Theorem 5.15 Suppose that u G and that w G then w is a 

smoother of u, i.e. uVw G when w satisfies the conditions (i), (ii), 

and (iv). 

Proof To prove that uVw G Jx(lF), we adopt the same procedure as in the 
proof of Theorem 5.7. The proof is divided into the same situations as the 
proof of Theorem 5.7. Since u G we know that each inner point of [m]o 

is a continuous point of u. Hence if w satishes condition (iv), then w must 
satisfy condition (iii). Thus only case (A) need to be reconsidered. 

Case (A) x = {u'\/w)~{a) {{uWw)^(a), {u'\/w)f{a)) with {u'\/w){x) < 

1 , and both u~{a) and w~{a) {uj{a) and ^ 7 ( 0 ;), u~^{a) and tc’''(Q;), uf{a) 
and t(;+(Q;)) being inner points of [m]o and [tc]o, respectively. 

It is easy to see that a < 1. Note that u G Jx(lF), this implies that each inner 
point of [m]o is a continuous point of u. If u~{a) uf{a)) is a 

continuous but non-differentiable point of u, then by statements C1-C4, we 
know that {uVwy^x) = 0. If u~{a) uf{a)) is a differentiable 

point of u, then by statements A1-A8, we can compute {uVwy^x). □ 

The following is a concrete example by which we illustrate how to use the 
results in Theorem 5.15 to construct smoothers for fuzzy numbers in Jx(M). 

Example 5.16 Suppose 


u{t) = { 


0.5+ t, 

0.5 + 0.5t, 
2-t, 


t G [-0.5,0), 
t G [0,1], 
t G (1,2], 


[ 0 , [-0.5,2]. 


Obviously, u is in Jx(M) and has a non-differentiable point u (0.5) = 0. See 
Fig. 5a for the hgure of u. 

First let’s see whether wi defined in (2) can work as a smoother for u. Note 
that tci'(tci“(0.5)) 7 ^ 0, thus u and Wi do not satisfy the conditions in Theorem 
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(a) u (b) u'Vwi 



(c) p (d) uVp 

Fig. 5. Fuzzy numbers in Example 5.16 
5.15. It can be deduced that 


{u'Vwi) {t) = 


-7 — t + t, 


\/9—8t-t-3-t-4t 
8 ’ 

V4t-3-2t+3 

2 ’ 


0 , 


t e (-705,1], 
te (1,3], 
t ^ [-§,3]. 


See Fig. 5b for the hgure of uVwi. Notice that (MViUi)'_(—\/(h5) = 2 — \/2, 
and (nViUi) + (—v/lhS) = , it then follows that uVwi is not differentiable 

at (MVtni)“(0.5) = —-\/(h5, so uVwi ^ This means that Wi is not a 

smoother of u. 


Now we use the conclusions in Theorem 5.15 to construct a smoother for u. 
Consider a fuzzy number p dehned by 


p{t) 


/ 

0.5-(f + 7r/2)2, t e [-7r/2-V0^,-vr/2], 
< 0.25 sinf +0.75, f e [-7r/2,7r/2], 

1 - (f - 7r/2)^, t e [7r/2,1 + 7r/2]. 


26 
















Then p'(p“(0.5)) = 0. See Fig. 5c for the hgure of p. It’s easy to check that u 
and p satishes all the conditions of Theorem 5.15. Thus by Theorem 5.15, p is 
a smoother of u. To validate this assertion, we compute that 


[uVp\a 


[-O.hTT - (0.5 - + a - 0.5, 0.57r + (1 - af-^ + 2 - a], a e [0,0.5], 

[arcsin(4Q; — 3) + 2 q; — 1, 0.57r + (1 — a)®'® + 2 — a], a E [0.5,1]. 


Now we can plot uVp in Fig. 5d, and obtain 


{uVp){t) = { 


7r/2 + t + (1 - 4t - 27r)°-V2, 

fit), 

71/2-t+ {At -271- 3)°-V2 + 3/2, 


t e [-7r/2 - Vol - 0.5, -7r/2], 
t G [— 0.57r, 1 + 0.57r], 
t e [l + 0.57r,3 + 0.57r], 

( 6 ) 


where f{t) is the inverse function of g{a) = arcsin(4Q; — 3) + 2q; — 1 when 
a e [0.5,1]. 


It can be checked that uVp G In fact, from the expression of uVp, 

we know that it only need to show that uVp is differentiable at —0.57r and 
1 + O.bTT. Use implicit differentiation to take /' as follows: 


fit) 


(2 + 


4 

- {Aa{t) - 3)2 


-1 


Then we have that (mVp)'_(— 0.57r) = J:(7r/2+t+(l —4t —27r)°'^/2)|t=_o.57r = 0 
and (mVp)'_,_(— 0.57r) = /'(—0.57r) = 0, hence 

(mVp)'(— 0.57r) = 0. (7) 


Similarly, it can be computed that 

(mVp)'(I + 0.57r) = 0. (8) 

It now follows from (6),(7) and (8) that uVp is differentiable on (—7r/2 — 
\/0/5 — 0.5, 3 + 0.57r), i.e, uVp G So p is a smoother of u. From this 

example we can see how condition (iv) takes effect. 

Look at the construction of p. To make u and p satisfy the condition (iv), i.e. 
to assure p'(p“(0.5)) = p'{—7i/2) = 0, we use a polynomial function and a 
sine function to construct p. Along this line, given a fuzzy number u G 
with hnite non-differentiable points, we can use polynomial functions, sine 
functions and cosine functions to construct a fuzzy number p G such 

that u and p satisfy all conditions in Theorem 5.15. To construct a smooth 
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fuzzy numbers sequence to approximate u, put rjp ■= p ■ p, i.e. 


Vp{t) ■= =v{t/p) 


p{t/p), tep[p]o, 
0, t i p[r/]o, 


( 9 ) 


where p > 0 is a real number. Clearly p = pi. It can be checked that 

p{p-{0)) = Pp{pp~{0)), r/(p+(0)) = Pp(p/(0)), (10) 


Vp-it) = p'_it/p)/p, 

V+(^) = v'+i't/p)/p 

for all t G M. Thus we know Pp G 


VpAVp {^))=v'-{v (1))/P, (11) 

h4(V(l))=<(hni))M (12) 

and 

Vp{Vp~{(^)) = Vp{P ■ h“(«)) = h (h“(a))M (13) 

VpiVp'^ia)) = Vp{p ■ 4(a)) = h (4(a))/p (14) 


for each a G (0,1). 

From eqs. (10)-(14), we know that u and p satisfy all the conditions in The¬ 
orem 5.15 is equivalent to that u and Pp, p > 0, satisfy all the conditions in 
Theorem 5.15. So we have the following conclusion. 


Theorem 5.17 Given u in J^c(l^)- If the number of non-differentiable points 
of u is finite, then there exists smoothers for u. Moreover, if p is a smoother 
of u, then p ■ p, p > 0, are also smoothers of u, and 

doo{u,uV{p -p)) <p- max{|p+(0)|, |p“(0)|}. 

So {'uV(p-p)} converges to u according to the supremum metric doo asp —)■ 0. 

Finally, we consider how to smooth an arbitrarily given fuzzy number u, which 
may have non-continuous points in (m“(0),m+(0)). 

Lemma 5.18 Suppose that u G J^(M) and that w G J^d(I^) satisfies condition 
(i) and condition (v) listed below: 

(v-1) ifu~{0) <x<u~{l) and u is not left-continuous at X, then wf{w~ {(3)) = 
0, where (3 = u{y); 
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(v-2) < X < ^■'■( 0 ) andu is not right-continuous atx, then w'_{w^{■y)) = 

0 , where 7 = \miy^x+u{ii). 

Then, given x G ((mVw)“(0), (mVw)’''(0)) with {u'Vw){x) < 1, the following 
statements hold. 

B5 {uVw)'{x) = 0 and x = (mVw)7(0) when x = {u'Vw)~{a), wj{a) = 
t(;“( 0 ) and m“( 0 ) < uj{a) = m’''( 0 ). 

B6 (u’VwYix) = 0 and x = (MVw)j'(O) when x = (u'Vw)t(a), wtia) = 
w+( 0 ) and u~{0) = uf{a) < m+( 0 ). 

Proof We only prove statement B5. Statement B 6 can be proved similarly. 

Set w{w~{0)) = u{u~{0)) = {u'Vw){{u'Vw)~{0)) := oq- From wj{a) = ta“(0) 
and M“( 0 ) < uj{ao) = m’''( 0 ), we know a = ao < 1 and ^“( 0 ) = u~{ao) < 
uf{ao) = M"(l) = M+(0). Hence M(M;(ao)) = 1 and Oq = m(|/) < 

1. Therefore by condition (v-1), we know ^^(^^(ao)) = 'it’+(w(0)) = tc^(t(;“(Q;o)) = 
0, and so, from Theorem 4.1(iv), {u'Vw)f{x) = {uVw)~{ao)) = 0. 

Notice that {uVw)~{ao) is an inner point of [tiVtcjo, we thus obtain 

{uVwY{x) = {uVwY{{u'Vw)Y{ao)) = 0 . □ 

Lemma 5.19 Suppose thatu G J^(M) and thatw G J^d(IF) satisfies conditions 
(i), (iv) and (v). Then, given x G ((MVtc)“(0), (MVtc)’''(0)) with {u'Vw){x) < 

1, the following statements hold. 

D1 {u'\/wY{x) = 0 when x = {u'\/w)~{a), w~{0) < w~{a) < tc’''(0), m“(0) < 
u~{a) < u is not continuous at u~{a) and u{u~{a)) = a. 

D2 {uVwY{x) = w'{w~{a)) when x = {u'Vw)~{a), tc“(0) < w~{a) < tc+(0), 

M“( 0 ) < u~{a) < u is not continuous at u~{a), u{u~{a)) > a and 

limj^^„-(„)_«(?/) < a. 

D3 {u'VwY{x) = 0 when x = {uVw)~{a), tc“(0) < w~{a) < tc’''(0), m“(0) < 
u~{a) < u is not continuous atu~{a), u{u~{a)) > a, andlmiy^u-(a)- u{y) = 

a. 

D4 {u'\/wY{x) = 0 when x = {u'\/w)~{a), w~{0) < w~{a) < m“( 0 ) < 

uj{a) < u is not continuous at uf{a) and u{uf{a)) = a. 

D5 {uVwY{x) = w'{wf{a) when x = {uVw)f{a), tc“(0) < wf{a) < 

M“( 0 ) < u~{a) < M^( 0 ), u is not continuous at uj{a), u{u~{a)) > a and 

^^^y^u7{a)-u{y) < a. 

D6 {uVwY{x) = 0 when x = {uVw)~{a), w~{0) < wj{a) < tc’''(0), m“(0) < 

uY{a) <u~^{0),uis not continuous at uf {a), u{uf {a)) > a and lim^^^-(-^^_ «(?/) = 

a. 

D7 {uVwY{x) = 0 when x = {uVw)^{a), ta“(0) < w^{a) < ta’''(0), n“(0) < 
u~^{a) < n^( 0 ), u is not continuous at u~^{a) and u{u~^{a)) = a. 

D8 {uVwY{x) = wYw~^{a)) when x = {u'Vw)~^{a), ta“(0) < w~^{a) < ta’''(0), 
w“( 0 ) < u~^{a) < n^( 0 ), u is not continuous at u^{a), u{u~^{a)) > a and 
Fmy_,..^+(Q,)_i_ ^(i/) 7 a. 
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D9 {uVwy{x) = 0 when x = {uVw)'^{a), w“(0) < w+(q;) < w+(0), m“(0) < 
u~^{a) < M^(0), u is not continuous atu~^{a), «(«+(«)) > a, and\imy^u+{a)+u{y) = 

a. 

DIO {uVwy^x) = 0 when x = (mVw)+(q;), w“(0) < w+(q;) < w+(0), 

M“(0) < uy{a) < M^(0), u is not continuous at u^^a) and m(m+(q;)) = a. 

Dll {uVwy^x) = w'{wy{a) when x = {u'Vw)y{a), t(;“(0) < w^(q;) < 

^■•■(0), M“(0) < uy{a) < ^■'“(O), u is not continuous atuf^a), m(m+(q;)) > a 
and < a. 

D12 (uVwylx) = 0 when x = (mVw)+(q;), w“( 0) < wj'(Q:) < w’''(0), 

M“(0) < uy{a) < u is not continuous at u^^a), m(m+(q;)) > a 

and = a. 

Proof We only prove statements Dl- D6. The remainder statements can be 
proved similarly. Clearly, a < 1. 

To show statement Dl, notice that u~{a) is also a non-differentiable point, so 
by condition (iv-1), we know that t(;'(tc“(Q;)) = 0, and thus {uVw)'{{uVw)~ {a)) = 

0. This is statement Dl. 

To prove statement D2, note that w{w~{a)) = a. Thus by Theorem 4.2 (iii), 

(iv), we know that {uVw)'{{uVw)~{a)) = w'{w~{a)). Hence statement D2 
holds. 

To show statement D3, observe that u~{a) is a non-continuous point, hence, 
by condition (v-1), w'{w~{a)) = wy{w~{a)) = 0, and thus by Theorem 4.1 
(i), (ii), {uVw)'{{uVw)~{a)) = 0. So statement D3 is true. 

To demonstrate statement D4, observe that u~{a) is also a non-differentiable 
point, then by condition (iv-1), we know that wyw~{a)) = 0, and hence, by 
Lemma 5.13, w'{wj{a)) = 0. Thus {uVw)'{{uVw)j{a)) = 0. So statement 
D4 is proved. 

To show statement D5, from u{u~{a)) > a and limy_,^^-(Q,)_«(?/) < a, we 
know that uj{a) = u~{a). If w~{a) = w~{a), then statement D5 is just state¬ 
ment D2. Hence {uVwy^x) = wyw~{a)) = w^wj^a)). If w~{a) < w~{a), 
then w'{w~{a))) = 0, and thus from Theorem 4.1 (iii), (iv), we know that 
{uVw)'{{uVw)~{a)) = 0 = w'{w~{a)). So statement D5 is proved. 

To prove statement D6. If wj{a) > w~{a), then, from w G J^d(I^), we 
know that w'{wj{a)) = 0. If wj{a) = w~{a), note that u~{a) is a non¬ 
left-continuous point, hence, by condition (v-1), wy{w~{a)) = 0, and therefore 
wyw~{a)) = wy{w~{a)) = 0. Thus by Theorem 4.1 (iii), (iv), {uVw)'{{uVw)~{a)) = 
0. So statement D6 is proved. □ 

Remark 5.20 It can be checked that for each u,w E J^(M), if w satisfies 
conditions (iv) and (v), then w also satisfies condition (iii). 
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Theorem 5.21 Suppose thatu G J^(M) andw G thenw is a smoother 

of u, i.e. uVw G when w satisfies conditions (i), (ii), (iv) and (v). 

Proof To prove that uVw G we adopt the same procedure as in the 

proof of Theorem 5.7. The proof is divided into the same situations as the 
proof of Theorem 5.7. We can see that only cases (A) and (B) need to be 
reconsidered. It is clear that a < 1 in these two cases. 

Case (A) x = {uVw)~{a) {{u'Vw)j(a), {u'Vw)~^{a), {u'Vw)f{a)), {uVw){x) < 
1 , with u~{a) and w~(a) (u~(a) and w~(a), u~^(a) and tc’''(Q;), uf(a) and 
tc+(Q;)) being inner points of [n]o and [tc]o, respectively. 

If u~(a) (u~(a), u~^(a), uf(a)) is a non-continnous point of u, then by state¬ 
ments D1-D12, we can compute (u'Vw)'(x). From the proof of case (A) in 
Theorem 5.15, we know uVw is differentiable at x when u~(a) (uf(a), u~^(a), 
uf(a)) is a continuous point of u. 

Case (B) x = (uVw)~(a) ((uVw)f (a), (uVw)~^(a), (uVw)f(a)), (uVw)(x) < 
1, and X is not in Case (A). 

From Remark 5.20, w satishes condition (iii). So, for x in subcases Bi- Biv, 
we can prove that uVw is differentiable at x by using statements B1-B4. 

Note that u may not in Jx;(]R), we also need to consider the following snbcases. 

Bv X = (uVw)f(a), vjf(a) = w~(0) and u“(0) < uf(a) = u~^(0). 

Bvi X = (uVw)f(a), yjf(a) = w~^(0) and m“(0) = uf(a) < m+(0). 

Bvii X = (uVw)~(a), w~(0) < w~{a) < tc+(0) and m“(0) < u~{a) = m+(0). 
Bviii X = w~{0) < wfi{a) < tc+(0) and m“(0) = uf{a) < m+(0). 

Bix X = {uVw) (a), w (0) < tc (a) < w (1) and u (0) < u (a) = m’''( 0). 
Bx X = {u'Vw)~^{a), tc+(l) < tc+(Q;) < tc+(0) and u“(0) = u~^{a) < m+(0). 

By statements B5 and B6 in Lemma 5.18, we can deduce that {uVwy^x) = 0 
when X is in subcases Bv and Bvi. 

From u“(0) < uf{a) = , we can dednce that u{uf{a)) = 1 > a 

and lim^^j^-(Q,)_ u(?/) < a. So, by statements D5 and D6, we can compute 
{uVwy{x) when x is in subcases Bvii. Similarly, from statements Dll and 
D12, we can compute (uVtc)'(a;) when x is in subcases Bviii. 

Suppose that u“(0) < u~{a) = m’''( 0), then u“(0) < u~{a) = u“(l) = 
M+(l) = M+(0) and u{u~{a)) = 1 > a. So, by using statements D2, D3, 
we can compnte {uVwy{x) when x is in subcases Bix. Similarly, from state¬ 
ments D8 and D9, we can compute {uVwyix) when x is in Bx. □ 

Remark 5.22 Suppose that u is a fuzzy number and that x G (m“(0), m’''(0)) 
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Fig. 6. Fuzzy numbers in Example 5.23 


is a non-continuous point ofu. Set u{x) := a < 1. Then it can be checked that 
if X < then x = u~{a); if x > then x = 


Actually, if x < then x > u~{a). Assume that x > u~{a), then we 

know that u{y) = a for all y G [u~{a),x\, thus u is left-continuous at x. Since 
u is right-continuous on (m“(0 ),u“(l)), we know that u is continuous at x, 
which is a contradiction. So x = u~ (a). In a similar way, we can show that if 
X > then x = «+(«). 


The following example shows that how to use the results in Theorem 5.21 to 
construct smoother for a fuzzy number u ^ 


Example 5.23 Suppose that m is a fuzzy number dehned by 


't-1, te[l,2], 

-t + 3, fe [2,2.5], 
-f+ 2.8, t e (2.5, 2.8], 
0 , [ 1 , 2 . 8 ]. 


The figure of u is in Fig 6a. We can see that u is discontinuous at m+( 0.5) = 
2.5. So M ^ Now we use Theorem 5.21 to construct a smoother z 

for u. Observe that the only non-differentiable point of u in (m“(0),m’''( 0)) 
is m'''( 0.5) = 2.5, which is also the only non-continuous point of u. Since 
m( 2.5) = 0.5 and hmy_,.o. 5 +m(|/) = 0.3, by conditions (iv-2) and(v-2), it must 
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holds that z'{z^{Q.h)) = 0 and 2 ;'( 2 :+( 0 . 3 )) = 0. Consider 


z{t) = { 


1 - tV4, 

0.25 cos(10t/3) + 0.75, 

0.4 + 0 . 1 cos( 10 (t- 0 . 37 r)), 
0.3 - (t - 0.47r)2, 


0 , 


te [- 2 , 0 ], 
t G [0, O.Ott], 
t G [O.Ott, 0.47r], 
t G [0.47r, 0.47r + v^OTS], 

t i [-2,0.47r + Voli]. 


See Fig. 6 b for the figure of 2 :. It can be checked that 2 : G and that 

z\z-^{Q.h)) = z\Q.?>'k) = 0 , 

z'{z-^{Q.?>)) = z\QA'k) = 0 . 


We can see that u and also satisfy all other conditions in Theorem 5.21. 
Thus, by Theorem 5.21, is a smoother of u. To validated this assertion, we 
compute that 


{u'Vz)(t) 


t + 2(3-t)°-5-3, 
fit), 

< 2/5 - cos(10t - 25)/10, 

O.dTT - t + 0.5(4t - I.Gtt - 9)°'^ + 2.3, 

0 , 

\ 


tG [-1,2], 
t G [2,0.37r + 2.5], 
t G [0.37r + 2.5, 0.47r + 2.5], 
t G [OAtt + 2.5, O.dTT + 2.8 + 0.3°-5], 
t i [-l,0.47r + 2.8 + 0.3°'5] 


where / is the inverse function of 0.3 arccos(4Q; — 3) + 3 — a when a G [0.5,1]. 
See Fig. 6c for the hgure of u\Jz. It can be verihed that u\Jz G In 

fact, it only need to show that viSJz is differentiable at points 2, O.Ott + 2.5, 
and O.dTT + 2.5. Use implicit differentiation to take /' as follows: 

fit) = ( , = 

\v'l-(4a(()-3)2 

Then {uVz)'_{2) = |(1 + 0.5(3 - • (-1) • 2)\t=2 = 0, and (mV;2 )'+(2) = 

/'(2) = 0. Hence 

{uVzy{2) = 0. (15) 



Similarly, it can be computed that 


(MV;2)'(0.37r + 2.5) = 0, 
(MV;2)'(0.47r + 2.5) = 0. 


(16) 

(17) 
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It now follows from (15), (16), and (17) that uVz is differentiable on (—1, 0.47r+ 
2.8 + 0.3'^'^), i.e, uVz G J^d( 1^)- This means that 2 : is a smoother of u. From 
this example we can see how conditions (iv) and (v) take effect. 

By using a similar procedure as described in Example 5.23, we can construct 
a smoother ( for u G -F(M) which has hnite number of non-differentiable 
points. Note that a non-continuous point is also a non-differentiable point, 
this means that the number of non-continuous points and the number of 
continuous but non-differentiable points are both hnite. First, it picks out 
all the non-continuous points and continuous but non-differentiable points in 
(m“( 0), ^■'■(0)). Based on this, by using conditions (i), (ii), (iv) and (v), we then 
give some requirements on ( which ensure C to be a smoother for u. Finally, 
we use polynomial functions, sine functions and cosine functions to construct 
a concrete fuzzy number ( G J^d(I^) which meets these requirements. From 
Theorem 5.21, we know that C is a smoother of u. Since the number of non- 
differentiable points of u is hnite, this procedure can be completed in hnite 
steps. 

Now we discuss how to construct a smooth fuzzy numbers sequence to approx¬ 
imate a fuzzy number in J^(M). In fact, it can proceed as in the construction 
of smooth fuzzy numbers sequences for fuzzy numbers in 7^3 (K)- 

Suppose that u,( ^ -F(M). From eqs. (10)-(14) and Theorem 5.21, we know 
that C is a smoother of u is equivalent to p ■ (, p > 0, are smoothers of u. So 
we have the following statement which shows that, by using the convolution 
method, it can produce a smooth approximation for an arbitrary fuzzy number 
with hnite non-diherentiable points. 

Theorem 5.24 Suppose that u is a fuzzy number. If the number of non- 
differentiable points of u is finite, then there exist smoothers for u. Moreover, 
if ( is a smoother of u, then p ■ C,, p > t), are also smoothers of u, and 

doo{u,uV{p ■()) <p- max{|C+(0)|, |C“(0)|}. 

So {mV(p-C)} converges to u according to the supremum metric doo as p ^ 0. 


6 Properties of the approximations generated by the convolntion 
method 


In this section we discuss the properties of the approximations generated by 
the convolution method. 

We affirm that the convolution method can produce smooth approximations 
which preserve the core, where an approximation {vn} of a fuzzy number 
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u preserves the core means that Core(vn)=Core(M) for all n. In fact, if a 
smoother v oi u satisfies the condition [v]i = { 0 }, then [p ■ n]i = { 0 }, and 
thus the corresponding approximation {mV(^ ■ v),n = 1 , 2 ,...} for the fuzzy 
number u preserves the core. It is easy to select a smoother v which satishes 
the condition [u]i = {0}. For example, if tc is a smoother of a fuzzy number 
u, then we can dehne v by 

[u]q, = [tc“(Q;) — tc“(l), tc’''(Q;) — 

for all a G [0,1]. It can be check that [u]i = {0}, and that, from Theorems 
5.7, 5.15, 5.21, V is also a smoother for u. 

We also hnd that the convolution method can generate Lipschitz and smooth 
approximation, where a Lipschitz approximation is a approximation which is 
constructed by Lipschitz fuzzy numbers. To show this assertion, we need the 
following lemma. 

Lemma 6.1 Suppose that u is a fuzzy number. Then the following statements 
are equivalent. 

(i) u is Lipschitz with Lipschitz constant K. 

(a) la — /3| < K\u~{a) — u~{/3)\ for all a,/3 E [m(m“(0)), 1], and |7 — < 

iL|u+( 7 ) — for all 7 , 5 in [m(m’''(0)), 1]. 

(Hi) |a — /3| < K\uj{a) — u“(/9)| for all a, (3 E [m(m“(0)), 1], and I 7 — 5| < 
K\uf{'y) — for all 7 , 5 in [m(m’''(0)), 1]. 

Proof (i)^(ii). If u is Lipschitz with Lipschitz constant K, then u E 
Given a,/3 E [u(u“(0)), 1], by Corollary 3.4, u{u~{a)) = a and u{u~{(3)) = (i. 
Thus it follows from u is Lipschitz that 

\a — /3\ < K\u~{a) — m“(/3)|. 

Similarly, we can prove that I 7 — 5| < K\u~^{'y) — for all 7 , 6 in 

[u(u+( 0 )),l]. 

(ii) ^(iii). Given a,/3 E [m(u“( 0)), 1], if /d < a, then 

\a — /3\ < K\u~{a) — u~{/3)\ < K\uf{a) — u~{/3)\. 

If /d > a, note that u~{a) = hmA_s.Q,+ u“(A), since 

\P-X\<K\u-{fi)-u-{X)l 
let A —)■ a+, then we obtain that 

I/d — a| < K\u~{/3) — m7(q^)I- 

Similarly, we can prove that I 7 — 5| < K\uf{'y) — u^((5)| for all 7 , S in 
[u(u+( 0 )),l]. 
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(iii)^(i). Given x,y ^ [m]o, put u{x) = a and u{y) = {3. Assume that a < (3 
with no loss of generality. Then we have 

\x-y\> min{|Mj(a) - m“(/3)|, !«+(«) - u^{l3)\]. 

From statement (iii), 


a- I3\< K\u, (a) -u (/3)|, 
a- I3\< K\ut{a) -u^{(3)\, 


and thus 


u{x) — u{y)\ = \oi — I3\ < K\x — y\. 


This means that u is Lipschitz with Lipschitz constant K. 


□ 


The following theorem shows that the convolution transform can retain the 
Lipschitz property under an assumption which is general for smoothers. 

Theorem 6.2 Suppose that u is a fuzzy number, and that v is a Lipschitz 
fuzzy number with Lipschitz constant K. Ifv{v~(0)) < u{u~{0)) andv{v^{0)) < 
then uVv is also a Lipschitz fuzzy number. 

Proof Note that, by Lemma 3.11, 

(MVn)((MVn)“(0)) = m(m“( 0)) A n(n“(0)) = n(n“(0)). 

Given a, (3 in [(MVn)((MVn)“(0)), 1], then a, [3 is also in [n(n“(0)), 1]. Since 
V is Lipschitz with Lipschitz constant K, it follows from Lemma 6.1 (ii) that 

\a — I3\ < K\v~{a) — v~{l3)\ < K\{uVv)~{a) — (MVn)“(/3)|. 


Similarly, we can obtain that 

I 7 — (5| < K\v^{'^) — < K\{u'Vv)~^{'y) — (MVn)’'"((5)| 

for all 7 , 5 G [(MVn)((MVn)’''(0)), 1]. So uVu is also Lipschitz with Lipschitz 
constant K. □ 


Since we use polynomial functions, sine functions and cosine functions to con¬ 
struct smoothers, it is easy to make the smoothers to be a Lipschitz fuzzy 
number. Note that in the construction process of a smoother, it requires that 
n(n“( 0 )) = m(m“( 0 )) and n(n+( 0 )) = m(m+( 0 )), where u is the original fuzzy 
number and v is its smoother (see condition (i)). Thus, by Theorems 5.24 and 
6.2, we can produce a Lipschitz and smooth approximation for a fuzzy num¬ 
ber with finite non-differentiable points. From the above discussions, we can 
further ensure this Lipschitz and smooth approximation preserves the core at 
the same time. 
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Remark 6.3 From Theorems 4.1, 4.2 and 4.3, we know that if n is a smoother 
for u G then 


v\v (a)) > {uVvy{{u'\/v) (a)), 
n'(n^(Q;)) > (MVn)'((MVn)^(Q;)), 

for all a G (0,1]. It follows immediately that if a smoother n of m is Lipschitz, 
then uVv is also Lipschitz. 


7 Conclusions 


This paper discusses how to smooth fuzzy numbers and then construct smooth 
approximations for fuzzy numbers by using the convolution method. The main 
contents are illustrated in the following. 

1 It shows that how to use the convolution method to produce smooth ap¬ 
proximations for fuzzy numbers which have hnite non-differentiable points. 
This type of fuzzy numbers are quite general in real world applications. 

2 It further points out that the convolution method can generate smooth and 
Lipschitz approximations which preserve the core at the same time. 

3 The constructing of smoothers is the key step in the construction processes 

of approximations in the above results. Theorems 5.7, 5.15 and 5.21 pro¬ 
vide principles for constructing smoothers, therein conditions are given to 
ensure that the constructed fuzzy numbers are smoothers for a given type 
of fuzzy numbers. These conditions are general. In fact, by the conditions 
in Theorem 5.7, we can judge that the classes of fuzzy numbers {wp} and 
{Zjj} introduced in [27,28] are smoothers for fuzzy numbers in See 

Remark 5.11 for details. 


A Proof of Theorem 4.1 

We only prove statements (i) and (ii). The remainder statements (iii) -(viii) 
can be proved in the same way. 

Set n(n“(0)) = oq and n(n’''(0)) = /do, then, by Lemma 3.11, 

(MVn)((MVn)“(0)) < oo, (MVn)((MVn)+(0)) < /do, 
(MVn)((MVn)“(Q;o)) = “o, (MVn)((MVn) + (/3o)) = /^o- 
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(i) If a = tto, then v~{a) = ^“(ao) = '^^”(0). From n^_(n“(0)) = 0, we 
know that v is left-continuous at n“(0). Note that v{x) = 0 for all x < 
n“(0), thus n(n“(0)) = 0 = a^. Hence (MVn)((MVn)“(0)) = 0, and there¬ 
fore (MVn)'_(('uVn)“(0)) = 0. 

If a > ao, then by n^_(n“(Q;)) = 0, we know that v is left-continuous at 
n“(Q;). So, by Proposition 3.1, t;(n“(Q;)) = a and hence, by Lemma 3.11, 
(MVn)((MVn)“(Q;)) = a. 


Now we prove that {u'Vvy_{{uVv) (a)) = 0. Note that 

(uVvY ((«V„)-(a)) = hm («V.)((uV.)-(a)) - (uVv)(z) 

^ ^ ^ z^(uVv)-(a)- {uVv)-{a)-Z 

Given G ((MVn)“(Q;o), ('*^Vn)“(Q;)), obviously 

(MVn)((MVn)“(Q;)) — {u'Vv){z) 


{u'\/v)~{a) — z 


> 0 . 


(A.l) 


On the other hand, set {u'Vv){z) = a — S, where 5 > 0, then by Proposition 
3.1, 

^ < {uVv)g (a — 5), 

and thus 

(MVn)((MVn)“(Q;)) — {u'Vv){z) 


< 


{u'\/v)~{a) — z 
a — {a — 6) 


< 


{u'\/v)~{a) — {u'\/v)j{a — 5) 

5 

u~{a) — uj{a — S) + v~{a) — v~{a — 5) 

5 


V (a) — Vg {a — (5) 
By Proposition 3.1, it holds that 


(A.2) 


lim v{x) < a — S, 

(q —5) — 


and therefore 

,, v(v~ (a)) — v(x) a — (a — S) 6 

hm ^^^^ ^^ - = -. 

x^v-{a-s)- v-{a)-x y-{a) - V-{a - S) y-{a) - y-{a - S) 

(A.3) 

Given e > 0, since y'_{y (a)) = 0, there is a .^(e) > 0 such that for all 
y G (n“(Q;) — .^,n“(Q;)), it holds that 


y{y {a))-y{y) ^ a - yjy) ^ ^ 
y-{a)-y y-{a)-y~ 


(A.4) 
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Hence, by (A.4), if v (a) — Vg{a — 5) < then 

n(n-(a)) ^ 

v-ia)-x - ’ 

and thus, combined with (A.3) and (A.5), we have 

< e. 


v~{a) — v~{a — 5) 


(A.5) 


(A.6) 


So if {uVv) (a) — z < ^, then v (a) — {a — S) < {uVv) (a) — (wVn)^ {a — 
(5) < {uVv)~{a) — z < ^, hence, by (A.2) and (A.6), we get that 


< 


{uVv){{uVv) (a)) — {uVv){z) 
{u'Vv)~{a) — z 

from the arbitrariness of e > 0 and (A.l), we have 

{uVvy_{{uVv)~ (a)) = 0 . 

So statement (i) holds. 


(ii) Since v{v (a)) = we have (3 > a, and v (a) = v {/3). This implies 
that {uVv){{uVv)~{f3)) = (3. 

Now we show that {uVv)y{{uVv)~{j3)) = 0 when = 0. If (MVn)“(/d) < 

(MVn)“(/d), then it follows immediately that (MVn)'_,_((MVn)“(/d)) = 0. 

In the following, we suppose that {uVv)~{l3) = {uVv)~{l3), then u~{/3) = 
u~{l3) and v~{l3) = v~{l3). Note that 


{uVv)y{{uVv) (/?)) = Jim 

z^{u\7v) (/ 3 )+ 

The proof is divided into two cases. 
Case (A) f3 < 1. 


{uVv){z) - {uVv){{uVv)-{/3)) 
z-{uVv)-{/3) ' 


In this case, obviously. 


. (MVn)(;2) - (MVn)((MVn)-(/?)) 

,^(™.)-(/3)+ z-{uVv)-{f3) 


> 0 . 


(A.7) 


Given e {{u'Vv)~{(3), {u'Vv)~{!)), set {uVv){z) = /3 + S, where 5 > 0, then 
by Proposition 3.1, 

2 : > {uVv)~{/3 + (5), 

and thus 

(MVn)(;g) - (MVn)((MVt;)-(/3)) 

2 : — {uVv)~{/3) 
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^_ {uVv){z) - /3 _ 

-(MVt;)-(/3 + (5) - (mVv)-(/3) 

u-{/3 + 5) - u-{P) + v-{/3 + (5) - v-{/3) 

< _^_ 

v-{P + S) -v-{/3) 

^ v{v-{f3 + 5)) -v{v-{f3)) 

v-{P + 6) -v-{P) 


(A. 8 ) 


Let 2 : —)■ (mVw) (/3)+, then S —)■ 0+. It thus follows from (A. 8 ) that 


{uVv)(z) - {uVv){(uVv)-m 

v{v-{/3 + (5)) - n(n"(/3)) 


< lim 

( 5 - 5 > 0 + 


v-{/3 + 5) - v-{/3) 


= v'^{v {/3)) = 0, 


and then, combined with (A.7), we know 


(MVn)'+((MVn)"(/3)) =0. 


Case (B) /3 = 1. 


In this case, if (wVn) (1) < (MVn)’''(l), then {uVvy_^_{{uVv) (1)) = 0. If 
{uVv)~{l) = (MVn)+(l), then u~{l) = and n“(l) = So, 


(MVn)'+((MVn)-(l)) 


(MVn)'+((MVn)+(l)) 


lim 

2:^(tiVD) + (l) + 


(MVn)((MVn)+(l)) 

(MVn)+(l) 


It is easy to see that 


{uVv){{uVv)'^{l)) — {uVv){z) 
')+a)+ («Vn)+(l) - 


(MVn)(2:) 


lim sup 7 _ 

2:^('uVi;) + (l)+ (1) 


< 0. 


(A.9) 


On the other hand, given e > 0, note that n(^(n+(l)) = (1)) = 0, so 

there is a ^ > 0 such that for each y G (n’''(l), + .^), 


1 - <y) > 


proceed as in statement (i), we can get that if 2 : — (MVn)’''(l) < then 


1 — {uVv){z) ^ 
(mVv) + (1) — 2 : “ 


{uVv){z) 

z 
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and hence from the arbitrariness of £, we know 


hminf ~ (MVt^)(^) _ l-(^Vn)( 2 :) ^ 


2 -?.(«Vd)+(i)+ (MVn)+(l) — 2 : 

Combined with (A.9) and (A. 10 ), we obtain that 

(MVn)'+((MVn)+(l)) = 0 
So statement (ii) holds. □ 


(Avt;) + ( 1 )+ (MVn) + (l) — 2 : 

(A. 10) 


B Proof of Theorem 4.2 


To prove Theorem 4.2, we need following lemmas and corollary. Therein, it 
shows that the derivatives of a fuzzy number can be computed by calculations 
which are determined by its values at the endpoints of o-cuts and strong-a- 
cuts. 

Lemma B.l Let u G Set u{u (0)) = oo and m(m’''(0)) = (3q. Then the 

following statements hold. 

(i) Given a G (ooi 1]? then u'_{u~{a)) = ip if and only if 

«(«-(«)) -7 u{u-{a))-'y 

hm —-— = hm —-— = p>. 

U [a) — U ( 7 ) 7-s>a- U (Q;) — Ug ( 7 ) 

(ii) Given (3 G (/do, 1], then u'j^ipa'^{(3)) = t) if and only if 

u(unm-\ ^ u{u*m - a _ 

A^/3-M+(/d) -M+(A) A^/3-M+(/d) -M+(A) ^ 


Proof (i) Sufficiency. Suppose that 


u{u ( a ))-7 _ u{u ( a ))-7 

7 ->a- (a) — ( 7 ) u~ {a) — U~ {'j) 

we show that 


u_(u (a)) 


u{u (a)) — u{z) 

z^u-(a)- U~{a)—Z 


ip. 


In fact, given z E (u (0),u (a)), suppose that u{z) = 7 , then 7 < o, and, by 
Proposition 3.1, 

M“(7) < ^ < wj(7), 
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hence 


u{u~{a))—^ ^ u{u~{a)) — u{z) ^ m ( m “( q ;))—7 
«“(«)—M“(7) “ u~{a) — z ~ u~[a) — u~(oY 

note that if 7 —)■ a—, then 2 : —)■ u~{a)—, and thus 


u{u (a ))-7 
7-5>o- u~{a) — u~Yi) 


j. u{u (a)) — u{z) 

z^u-(a)- U~{a)—Z 


u{u (a))-7 

7-5>a- u~{a) — 




i.e. 


u'_{u (a)) = (p. 


Necessity. Suppose that u'_{u (a)) = p, we prove that 

^ uju-jaY-'y 

7->a-(a) — (7) z^oi-u~ {a) — up Yf) 


Now we use a trick which also is used in the proof of Lemma 4.1. Given e > 0, 
since u'_{u~{a)) = p, there is a > 0 , such that for all y G {u~{a) — u~{a)), 


p — e < 


u{u {a))-u{y) 
u-{a) - y 


< p + 


notice that, for each /3, 


lim u{x) < Y < u{u {Y))i 

x^u~ ip) — 


and hence if 0 < m (a) — u ( 7 ) < Y then 


p + e > lim 


u{u (a)) — u{x) ^ u{u (a)) ~ 1 ^ ('^)) ~ il)) 




x^u-M— u (Q:) 




now let 7 —)■ a—, we obtain that 


u{u (a)) -7 
'Y^a- u~{a) — U~Yf) 


p = u'_{u (a)). 


Similarly, we can prove that 


u{u (g)) -7 

7 ->a- U~{a) — ^7(7) 


p = u'_{u («)). 


(ii) Since uY{u^{Y)) = Yj we know that if A —)■ /d—, then u~^{\) —)■ u~^{Y)+- 
The remainder proof is similarly to the proof of statement (i) □ 

Corollary B.2 Let u G -T(M). Set u{u~{0)) = Oq and m(m+(0)) = Yo- Then 
the following statements hold. 
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(i) Given a G (ao, 1], then u'_{u (a)) = ip if and only if u{u (a)) = a, and 

q; — 7 q; — 7 


lim 


= lim 


■y^a-u~ (a) — u~ {'y) u~ (a) — up {'f) 


= 


(a) Given fd G (/3o,l], then uf{u'^{(3)) = fj if and only if u{u^{/3)) =/3, and 

, /5-A /3-A 

liiii -= lim -= il). 

x^P-u+{P)-u+{\) a^/3-m+(/3)-m+(A) ^ 


Proof Note that if («“(«)) = ip, then u is left-continuous at u~{a), and 
then 

lim u{x) = u{u~{a)) = a. 

x^u~ (a) — 

Similarly, if = if, then 

lim u(x) = u(u~^(B)) = B. 

x^u+{l3)+ 

So the desired results follow immediately from Lemma B.l. □ 

Lemma B.3 Let u G -F(M). Then the following statements hold. 

(i) Given u~{a) G [m“(0 ),set u{u~{a)) = p, then uf{u~{a)) = (f) is 
equivalent to 


lim 


p-1 


= lim 


p-7 


i^p+ u (a) — u ( 7 ) 7 -s>p+ u (a) — Ug ( 7 ) 


(a) Given u'^{IB) G m’''(0)], set u{u~^{f3)) = a, then u'_{u~^{/3)) = u is 

equivalent to 


lim — 

7 -!>o-+ 


(J — 7 

{IB) -u+{p) 


lim — 

y^cF+ u 


a — 7 

/^) - <( 7 ) 


= u. 


Proof (i) Since u{u (a)) = p, we know that u (a) = u (p) and p < 1. The 
proof is divided into two cases. 


Case (A) u (a) < Ug (a). 

In this case, uf{u~{a)) = 0, and 

p-7 p-7 


lim 


= lim 


7 -s>p+ u~ (a) — u~ ( 7 ) 7 -s>p+ u~ (a) — up ( 7 ) 

so the statement holds. 


= 0 , 


Case (B) u (a) = Ug (a). 
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In this cases, u ( 7 ) —)■ m («)+ as 7 —)■ p+. The rest of the proof is similar to 
the proof of statement (i) in Lemma B.l. 

(ii) The proof is similar to statement (i). □ 

Proof of Theorem 4.2. (i) Set Oq = '*^('*^”(0)) Oi = n(n“(0)). Since 
u'_{u~{a)) = (p > 0 and v'_{v~{a)) = -ip > 0, we know that a > maxjao, Oi}, 
and 


lim u{x) = u{u (a)) = a, 

x^u~ (a) — 

lim viy) = v{v~{a)) = a, 

y^v-(a)- 

(MVn)((MVn)“(Q;)) = a, 


(B.l) 


thus a > {uVv){{u'Vv) (0)) = minjao, oi}. To prove {uVvy_{{u'Vv) (a)) = 
{(p~^ + by Corollary B.2 and (B.l), we only need to show that 


lim 


0 — 7 


= lim 


0 — 7 




7 - 5 >o- (^u'\/v)~{a) — {uVv)~{'y) ■y^a- (u'\/v)~{a) — {u'\/v)p{'y) 

In fact, 

0-7 

lim - 

7 ->«- {u'Vv)~{a) — {u'Vv)~{'y) 

0-7 

= lim - 

7 ->Q- u~{a) + n“(o) — (m“( 7 ) + v~{'y)) 

u-(a)-u-(y) I v-(a)-v-(y) ' 

Q—7 a—7 

Since u'_{u~{a)) = p > 0 and n(_(n“(o)) = ■^ > 0, by Corollary B.2, we have 

m“(o)-m-( 7 ) 

hm -= p , 

7->«- 0—7 

l„„ = 


(B.2) 


0 — 7 

and thus, combined with (B.2), we get 

0 — 7 


lim 


y^a- (mVu) (o) — (uVv) (7) 
Similarly, we can obtain 

0-7 

hm - 

7-5>a- (MVn)“(o) — {u'Vv)~{'y) 

So statement (i) is proved. 


= {p ^ + yj 1) b 


= {p-^ + ij-Y^ 
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(ii) Since u{u (a)) = v{v (a)) = (3, we know that u (a) = u {(3), v (a) = 
v~{/3), and then 

(MVn)((MVn)“(/3)) =13. 

Note that u'_^_{u~{a)) = (p > 0 and n^(n“(Q;)) = ■^ > 0, so u~{a) < m“( 1) and 
v~{a) < n“(l) , and thus 

a < /3 < 1. 


To prove that 

(MVn)+((MVn)"(/3)) = 
by Lemma B.3, we only need to show that 


lim 


/3 -7 


= lim 


/3-7 


7 ^/ 3 + {u'\/v)~{/3) — {u'\/v)~{'y) 7 ^/ 3 + {uVv)~{l3) — (uVv)p(^) 


(p ^+^l; b 


In fact, reasoning as in the proof of statement (i), we obtain 

-7 

lim - 

7^/3+ {uVv)~{f3) — (MVn)“(7) 

/5-7 

= lim - 

7^/3+ U-{/3) + V-{/3) - (u-(j) + V-(^)) 

u-(/3)-u-p) . v-(/3)-v-(j) 

/ 3-7 / 3-7 


Similarly, we can get 


y'if. (uVv)-(/)-(uVv)7(7) ^ ^ 


So statement (ii) is proved. 


(iii) Since u(u (a)) = /3, and v(v (a)) = 7 > /9, we know that a < /3 < 7, 
and 


u (a) = u (/3) < u (1), 
v-{a) = v~(j), 
(uVv)((uVv)-(/3)) =/3<l. 

Note that n“(A) = v~(a) for all A G [0,7], hence 

(uVv)-(p) = u-(p) + v-(p) = u-(p) + v-(/3) 

for each p G [/3,7], and thus 


lim 7-- 

e^p+ (mVu)' 


13-e 

-{P)-{uVv)-{e) 
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p-e 


0^/3+ u-{/3) + v-{/3) - {u-{9) + v-{/3)) 
e^+u-{P)-u-{9) 

= u'^{u-{/3)) = (p. (B.3) 

Similarly, from v 7 (A) = v~{a) for all A G [a, 7 ), we get 


{uVv), (p) = u, (p) + (p) = u, (p) + V {(3) 

for each p G [/5,7), and thus 

P-9 

e^+ {uVv)~{P) — {uVv)p{9) 

^ y _ ^ _ 

0 u-{P) + v-{P) - {uj{9) + v-{P)) 

y P-0 

e^7+u-{P)-uj{9) 

= u^{u-{P)) = p. (B.4) 

Now it follows from Lemma B.3, (B.3) and (B.4) that (uVu)'_,_((mVu)“(/3)) = 

p. 


(iv) We assert that u~{a) > u~{0). On the contrary, if u~{a) = ^“(0), then 
from u'_{u~{a)) = if, we know u{u~{a)) = a = u{u~{0)) = 0. Note that 
\miy^y-(a)- v{y) = \ < a, this yields that A < 0, which is a contradiction. 

Set m(u“( 0)) = tto, then m“(q;o) = ^“(0), and hence u~{a) > u~{ao). This 
implies that a > Uq. Since u'_{u~{a)) = if, we know that u{u~{a)) = a, and 
thus 

{u'Vw){{u'Vw)~ {a)) = a. 

By limj,_,.„-(o)_ v{y) = A < a, we get that 

v~{p) = v~{a) 


for all p G (A, a], and hence 

(mVu)“(p) = u~{p) + v~{p) = u~{p) + v~{a) 
for each p G (A, a]. Thus 


lllll - 

{uVv)~{a) — (uVv)~(p) 

«-P 

= lim - 

p^a- u~(a) + v~(a) — (u~(p) + v~(a)) 


= lim — 

p->-a- u 


a — p 

(a) -u-{p) 
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= u'_{u (a)) = (p. (B.5) 

Similarly, note that v~{p) = v~{a) for all p G [A, a), we get 
(wVn); (p) = u- (p) + vj (p) = u- (p) + V- (a) 
for each p G [A, a), and thus 


lim 


a — p 

p^a-{uVv)~{a) — {uVv)~{p) 

a — p 


= lim - 

p^a- u~{a) + v~{a) — {uj{p) + ^“(q;)) 

= ]• Q -P 

p^a- u~{a) — uj{p) 

=u'_{u~ {a)) = p. 


(B.6) 


Now it follows from Corollary B.2, (B.5) and (B.6) that {u'Vvy_{{u'Vv) (a)) = 

p. □ 
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